Pure and Applied Mathematics Journal
2022; 11(2): 28-32
http://www.sciencepublishinggroup.com/j/pamj

doi: 10.11648/j.pamj.20221102.11

otlenecePl

Science Publishing Group

ISSN: 2326-9790 (Print); ISSN: 2326-9812 (Online)

Fixed Point Result on Generalized Cone b-Metric Spaces

Zaheer Kareem Ansari', Ajay Kumar Singhz, Pawan Kumar®, J ay Prakash Patel’

'Department of Mathematics, JSS Academy of Technical Education, Noida, India
Department of Mathematics, Madhyanchal Professional University, Bhopal, India
3Department of Mathematics, Maitreyi College, University of Delhi, Chanakyapuri, New Delhi, India

Email address:
zkansari@rediffmail.com (Z. K. Ansari), ajaysiingh1987@gmail.com (A. K. Singh)

To cite this article:
Zaheer Kareem Ansari, Ajay Kumar Singh, Pawan Kumar, Jay Prakash Patel. Fixed Point Result on Generalized Cone b-Metric Spaces. Pure
and Applied Mathematics Journal. Vol. 11, No. 2, 2022, pp. 28-32. doi: 10.11648/j.pam;j.20221102.11

Received: February 8, 2022; Accepted: March 10, 2022; Published: March 31, 2022

Abstract: The purpose of this paper is to prove a fixed point result on contraction mapping in generalized cone b-metric
space (in short GCbMS) as a generalization of cone metric space, cone b metric space and rectangular metric space. The
conception of generalized metric space is a generalization of that of classical metric space. Several authors have proved fixed
point theorems of contractive mappings on generalized metric spaces, which also generalized some corresponding fixed point
results in classical metric spaces. In present paper, we prove a result that is extension of the Kannan fixed point theorem
proved by Reny George et al. Our result is extend and unify several well known results in the literature available for cone and

cone-b metric space.

Keywords: Metric Space, b-metric Space, Cone Metric Space, Cone b-metric Space, Rectangular Metric Space

1. Introduction

Fixed point theorems have wide applications in different
fields of mathematics. Due to which, existence as well as
uniqueness of fixed points and common fixed points has turn
into a subject of great importance. This is due to verify
Banach Contraction Principle in different directions. In the
recent four to five decades many authors generalized the
Banach contraction Principle by moderating the triangular
inequality of a metric space. generalized metric space [2, 7,
9-10, 16, 25], cone metric space [11], b metric space [4, 5, 6,
8 references therein], cone b metric space [11, 12, 13, 16-22],
rectangular metric space [21], cone rectangular metric space
[14, 19, 20], are some of the generalizations of metric space
introduced by different authors in past few decades.
Analogue Banach contraction principle, Kannan contraction
principle, Ciric contraction principle and lots of the existing
fixed-point theorems for various generalized contractions
were proved in these generalized spaces.

Most of the generalization of metric space are Hausdorff
topology but we can also find generalization of metric space
which are not necessarily Hausdorff topology [15, 21, 24,
25]. Tarskian mathematician used non Hausdorff topology to
programming language semantics used in computer science.

Here, we prove a fixed point theorem for contraction
mapping in generalized cone b-metric space (in short
GCbMS) as a generalization of cone metric space, cone b
metric space and rectangular metric space which is the
extension of Kannan fixed point theorem proved by Reny
George et al. [17].

2. Preliminaries

(1) Let E be a real Banach spaces and P c E. P is called a
cone iff
(i) P is closed and non-empty and P+ {6}
(i) ax+by € PV x,y € P and a, b are non negative
real
(ii)ifx e P;—x€P=>x=0ie. P Nn—P = {6}
Given a cone P ¢ E we define a partial ordering = with
respect to P as
(1) x<yifandonlyify —x €P
(i) x < y & x # y, then we may write x <y
(ili)x Ky =y —x €int P and
(iv) if int P # @, cone P is called solid cone.
(v) The cone P is said to be Normal if there exist a
numberk >0V x,y €EE
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0<x<y=|x|l <klyl

The least positive number satisfying above is called the
normal constant of P.

(vi) The cone is said to be regular if every increasing
sequence {X,} which is bounded from above is convergent
ie. if {x,} is a sequence x; < x, < x3 < x, <0 <
y somey € E 3 x € E such that lim,,_,,, x,, = 0.

Equivalently the cone is said to be regular if every
increasing sequence {x,} which is bounded from below is
convergent i.e. if {x,} is a sequence x; = x, = x3 = - x, =
-+ >ysomey € E 3x € E, such that lim,,_,,, x, = 0.

Note: A regular cone is a normal cone.

(2) Definition: Let E be a topological vector space over
the field F = Ror C and let P € E be a closed set
with following axioms:

(C1) P = 9,{0}

(C2)x,yeEP&6 =20>x+y,6x€P

(C3)) P n —P = {0},

Then P is called a cone. If, in addition, int P # @, we say
that P is a solid cone.

(3) Definition: Let X be a non-empty set and @: X — X is

a mapping such that V x,y,z € X satisfies

(CMS1) 0 o(x,y)Vx,y&x#y and ¢(x,y) =0 if
andonlyifx =y

(CMS2) p(x,y) = (1, x) Vx,y &x # y

(CMS3) p(x,y) < ¢(x,2) + ¢ (2,¥)

Then ¢ is called a cone metric on X and (X, ¢) is called
cone metric space.

(4) Definition: The pair (X, d) is called b-metric space
with coefficient s > 1 such that X is a non empty set
and a mapping d: X X X — R satisfies the following
axioms for all x,y,z € X

(bMS;)d (x,y) =0ifand only ifx =y

(bMS) d (x,y) = d(y,x)

(bMS3) d (x,y) < s{d(x,z) + d(z,y)}

(5) Example: Let X = R be the set of real number and
d(x,y) = |x — y| a usual metric, then

@(x,y) = |x — y| is ab-metric space for k = 2 but not for R.

(6) Example: The space [, (0 <p < 1)

Ly = { (xn € R: Xpoqxy [P < o0}

Together with the mapping d: [, X [, - R

d(y) = (e lxn — yalP)?

is a b-metric spaces.

(7) Definition: Let X be a non-empty set, s = 1is a real
and ¢:X — X is a mapping such that Vx,y,z € X
satisfies

(CBM1) 0 o(x,y) Vx,y&x #y and ¢(x,y) =0 if

and only if x =y

(CBM2) ¢(x,y) = p(y,x) VX, y &x #*y

(CBM3) ¢(x,y) < slp(x,2) + ¢(z,y)]

Then ¢ is called a Cone b-Metric on X and (X, ¢) is called

Cone b- Metric Space.

(8) Example: Let (X, @) be a metric space and ¢(x,y) =
(d(x,y))? wherep > 1, Then (X,¢) is a Cone b-
metric space for s = 2P71,

Proof: (i) if x = y then ¢(x,x) = (d(x,x))? =0

(@px,y) = (@ y)P =@y, x))P = e, x)

(iii) if 0 <p <1 then by convexity of the function

fGx) =xP = (5P <2(aP +bP) > (a+b)P =

2P~1(aP + bP). So for x,y,z € X, we have

P(x,y) = (dxy)P < (d(x,2) +d(z,y)P < 2P71(d(x, 2))P + (d(z, )P < 2P Ho(x, 2) + ¢(2,)}

Hence (X, ¢) is a Cone b-metric space.
(9) Definition: Let X be a non-empty set and ¢: X = X is
a mapping such that V x,y,z,a,b € X satisfies
(CRM1) 0 p(x,y) Vx,y&x #y and ¢(x,y) =0 if
and only ifx =y
(CRM2) p(x,y) = p(y,x) VX, y &x # y
(CRM3)p(x,y) < p(x,a) + ¢(a,b) + ¢(b,y)
Then ¢ is called a Cone Rectangular Metric on X and
(X, @) is called Cone Rectangular Metric Space.
(10)Definition: Let X be a non empty set,s = 1 is a real
and ¢: X — X is a mapping such thatV x,y,z,a,b €
X satisfies
(GCRMS) 0 < ¢(x,y) Vx,y &x # y and ¢p(x,y) = 0 if
and only ifx =y

(GCRMS2) p(x,y) = (1, x) Vx,y &x # y
(GCRMS3)¢(x,y) < s[p(x,a) + ¢(a,b) + ¢(b,y)]
Then ¢ is called a Generalized Cone Rectangular Metric
on X and (X, ¢) is called Generalized Cone.
(11)Example: LetE = R%,P ={(x,y) EE:x,y = 0},X =
R=AUB, d:XXX->EVxy€ER
d(x,y) =0if x = yand d(x,y) = d(y, x) such that

d(x,y) = {

T hen (X, d) is a GCbMS but not a CRMS as we have

(12,12)forx =3,y =2
(2,2)forx € {23}andy =4
(44)forx e {2,34}andy =5
(23)forxory €{2345}andx +y

d(3,2) = (12,12) > d(3,4) + d(4,5) + d(5,2) = (2,2) + (4,4) + (4,4) = (10,10)

MAIN RESULTS: Reny George et. al. [17] proved Banach
contraction principle and Kannan contraction principle. We
extended their results in the present paper.

Theorem 3: Let (X, ¢) be a complete generalized cone b-

metric space with constant coefficient s > 1 and let a; =
0(i=123,4), Pis a solid cone and T:X XX —» X be a
mapping satisfying;
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w(x.Tx)ertp(y,Ty)] +a, [w(x.y)+;p(Tx.Ty)] +a, [rp(x,Ty)2+s<p(y.Tx)] (1)

P(Tx,Ty) < a19(x%y) +ay!

for all x,y € X where sa, + @a+s) (@ +as+a,) <1.Then ™¥n = Xni1, then Xn is a unique fixed point for mapping'T.
2 Therefore, there is no need to go further. Otherwise

Xpe1 F X, VM =1;  setting ¢, = ¢(x,, Xpy1). Thus
insertingx,,_; X, for x; y respectively in inequality (3.1),
we have

T has a unique fixed point in X.

Proof. Let x, € X be a arbitrary point. Define a sequence
{x,} € X such that Tx, = x,,;(n =0). Now we are to
show that sequence {x,} is a Cauchy sequence. If for any

(p(xn: xn+1) = (p(Txn—li Txn) <

[ (en—1,Txn-1)+9(xn,Txn)] [p(tn—1%n) +9(Txn-1,Txn)] [p (xn—1,Txn) +9(xn, Txn-1)]

a1 (Xn_1, %) + @z 2 t+ as 2 tay 25
(p(xn: xn+1) < al(p(xn—lrxn) +a, [(P(xn—lvxn)‘;‘(ﬂ(xnvxn+1)] + as [(P(xn—lvxn)‘;‘(ﬂ(xnvxn+1)] +a, [(P(xn—1.xn+215)+(l’(xnvxn)]
On < APy + y [(Pn—12+(ﬂn] + as [(Pn—12+(ﬂn] +a, 5[(Pn—22+(ﬂn]

a a . a a .
(1-2-2-F) o< @+ 2+ 2+ onn

2 2
(a+2+52+5%)
Pn S W‘Pn—l
Pn S YPn-1
Where
az a3 a
y=% S§=> sa1+(12ﬁ(a2+a3+a4)sl.
2 2
Repeating iteration n times; we have
Pn <Y 9o 2)

Assume;x,is not a periodic point of . Indeed, ifx,, = x, then; from (3.2), for any n = 2; we conclude that

o = @(x0,x1) = @(x0,Txg) = @ (%, TXp) = (X, Xps1) = P < V" 9o

Since y € [0,1); we obtain —¢@, € P= ¢, = 0 = x;, = x; i.e. x5 is a fixed point for T. Therefore we assume that x,, #
X, Vn,m € N and n # m, again letting ¢;, = @(x,, x,,,) and using (3.1), we observe that

On = P(xn, Xn42) = @(Txp_1, TXpi1) S VYPXno1, Xnp1) < VPnog

Repeating iteration n times; we have ¢;, < y"@;
Now for any sequence {x,}, two cases may be arising for (p(xn, xn+p)
(1) p =2m +1 ie.pis odd. Letting n > 2 and m > n; we have

¢(xnﬁxn+2m+1) <Ss [(p(xn' xn+1) + (p(xn+1'xn+2) + (p(xn+2'xn+2m+1)]
¢(xn H xn+2m+1 ) < S(¢n+¢n+l)

+5% [0 (a2 Xna3) + @Kz Xsa) + P(Xntar Xnsomse1)]
@0 Xnizms1) < S(@n + @ni1) + 52 [(Pniz + Onys)]
+5% [0 (a0 Xnas) + @5, Xpsamen)]
@ Xpszme1) < 5@ + Opir) + 2 [(Pnsz + Praz)] + 52 [(Pras + Prys)] + -
+5" o (@ni2m-2 + Pnizm-1] + 5" Oniom
P (n, Xnazmer) <SG Q0 + Y™ o) + 52 0o + ¥ 00)

+S3(yn+4¢0 +yn+5¢0) + .+ Sm—l(yn+2m—2(p0 +yn+2m—1(po) + Smyn+2m¢0
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@O, Xnszmer) S (SY™ +52y™ 2+ ) + (sy™ 4 57y + )

O Xnyamer) S SYH(A 4 5y% 4+ 52y + ) @p + sy™ (1 + sy + 52yt + )y

1+y
@ (X, Xniame1) S sy"l_—syz%
Let 0 «< ¢ (given). Now choose a natural N,; such that ¢ + N;(0) € P, here N, = {y € E,||y|| < m}. Now choose another
natural N, such that sy™ 11_:::2 @o EN,(0)VNEN, , so sy 11_:::2 Qo K cVne€N, , implies @y, Xniomer)

n 1+

14
P Qo KL cVne€EN,.

(2) p = 2mi.e., piseven. Letting n > 2 and m > n; we have

Sy

(p(xn' xn+2m) <s [¢(xnﬁxn+1) + ¢(xn+1' xn+2) + (p(xn+2' xn+2m)]
¢(xn H xn+2m+1 ) < S(¢n+¢n+l)

+5% [0 (a2 Xna3) + @ (Xnazs Xsa) + P(Xntar Xniam)

@0 Xnizms1) < S(@n + @ni1) + 52 [(Pniz + Onys)]
+5% [0(Xnta Xnss) + P(nis, Xns2me1)]

@ Xns2me1) < S[@n + Pri)] + 52 [(Prsz + Prys)]

+53[((pn+4- + (pn+5)] + -+ Sm_l((pn+2m—2 + Pn+2m)

n+2 n+3

®o + V")
+53(yn+4-(p0 + )/n+5(,00) 4+ .+ Sm—l(yn+2m—2(p0 + yn+2m—1(p0) + Sm_l)/n+2m_2(P6

@, Xnyamer) S S Qo + Y™ o) + 52 (y

O (X, Xnpamer) S (Y™ + 52y 4+ )@ + (sy™ T+ 52y 4+ )@,
@, Xpyomer) S YA+ sy2 + 52yt + )y

+syn+1(1 +Sy2 + Szy4 + .”)(po +sm—1yn+2m—2¢3

1+y .
@O Xnizmer) < SVnTyZ‘Po + (V)Y g

1

n 1+y
1-sy?

o w . 1
9 Ctn Xniamsr) < SY Po + " ?@g since y < <

Let 0 < c (given). Now choose a natural Ny, such thatc + N;,(0) € P, hereN,, = {y € E, ||y|| < 7}. Now choose another

natural N5 such thatsy™ 11_::2 @o €E N;(0)Vn € Ny, so
sy™ 11_:::2 Qo K cVnE Ny, implies 9(xy, Xpsome1) S SY" 11_2:2 Qo K cV¥ne€ENg,. Let

Ny = Max{Ny;; Ny} ¥ = Ny = 10800 (%, Xn4p) < c, implies {x,} is a Cauchy sequence.

Therefore; due to completeness of metric spaces (X, @), there exist an element ¢ HD.¢ such that lim,,_,,, x,, = a. Now we

shall show that a is a fixed point forT. For that assumen € N, we have
¢(a,Ta) < slp(a x,) + @(xn, Xp41) + @ (X4, Ta)
¢(a,Ta) < s[e(a, x,) + ¢ + (Txy, Ta)]
p(a,Ta) < s[p(a, x,) +y"po + ye(xy, @)]
v(a,Ta) < s[@(xy, @) +y"po + y@(xy, a)] from (3.2)
$(a,Ta) < s[(1+ p)P(x,,a) + V' P,)

c
25(1+y)
N, = Max{N; N;;}Vn = Nysothat (a,Ta) < ¢ = @(a,Ta) =0 = a = Ta implies a is a fixed point.

For uniqueness; assume b is another fixed point of T. Therefore from (3.1), we have

Now choose a natural Ngpz;Np such that ¢@(x, a) < Vn €N and y"e, K i VneE Ny

Let
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¢(a,b) = ¢(Ta,Th) < ;y¢(a,b) + a,

[¢(a,b)+¢(Ta,Th)]

32

lo(a,Ta)+¢(b,Th)]
2

[9(a.Tb)+o(b,Ta)]

+as 5

¢ (a,b) < ayp(a,b) + ay !

+ a,

¢(a,a)+¢(b,b)] +a

2s

[p(ab)+¢(ab)] +a, [p(ab)+¢(ab)]

3 2 2s

¢(a,b) < ap(a,b) + azp(a,b) + = ¢(a,b)

p(a,b) < (a; +as + %) ¢(a,b) = ¢(a,b) = 0,since (a; + az + %) <1

This implies that a and b are not different points but are
same. Hence ‘a’ is a unique fixed point of T.
This completes the proof.

3. Conclusion

In present paper, the concept of cone metric spaces and
generalized cone b-metric space on fixed points with an
example illustrated. Also proved a result on contractive

mapping.
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