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Abstract: Most physical phenomena are modeled as continuous or discrete dynamic systems of a second dimension or more,
but because of the multiplicity of bifurcation parameters and the large dimension, researchers have big problems for the study
of this type of systems. For this reason, this article proposes a new method that facilitates the qualitative study of continuous
dynamic systems of three dimensions in general and chaotic systems in particular, which contains many parameters of

bifurcations. This method is based on projection on the plane and on an appropriate bifurcation parameter.
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1 Introduction

The theory of chaos is one of the few, one of the very few
mathematical theories that has had any real media success. It has
even become a fashionable theory that it is fashionable to be
able to cite if one wants to pass for someone cultured. We will
even see that some of the great minds of this century quoted him
without obviously knowing what they were talking about.
Appeared in the early sixties in meteorology, it quickly spread to
just about every science. Some have seen, or still see, a scientific
revolution of equal importance to the appearance of Newton's
mechanics, Einstein's relativity, or quantum mechanics.

The purpose of this article is to provide a new method for
studying continuous three-dimensional dynamic systems with
several bifurcation parameters [1]. This method gives
important results on dynamic behavior, stability, bifurcations
and chaos. This method has two steps, a projection on the
plane to obtain a dynamic system of a smaller dimension,
then the choice of the appropriate parameter. For simplicity,
we consider a three-dimensional chaotic dynamic model with
seven bifurcation parameters [2].

In this paper, a subsystem of the original system will be
studied via an analysis of its dynamic behavior using a lower
dimension (2D). This will be useful in the final study of the
dynamic behavior of the original system.

2. Dynamic Analysis of a Nonlinear
System in Three Dimensions

Consider the dynamic system defined by:

d

1= apxy +ayx; *azx;

dt

dx,

—==xx;+b 1
7 1%3 (1)
dx

3 _
—= =X teyxx3 e
dt 1X] T Gy X X3
Where, a; 20,(1<i<3),c; 20,(1<i<2),b#Z0and c#0
are real parameters.
By the projection on the plane, (x; —x,) the following new
system is obtained:

dy
m =ax tayx, tazx

@

& =xx3+b
dt

Where, x; is considered as a known function of the time

variable . When ¢ =#,the system (2) becam linear and two-
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dimensional with constant coefficient.
The Jacobian matrix of system (2) is:

x 0
And, their determinant is given by:

For x; #0, we have det(J) #0 det(J)#0.

2.1. The Fixed Point of the System (2)

The fixed point of the system (2) obtained from:

Hence

)

{alxl +a,x, tasx; =0
X x;3+b=0

With a simple calculation, the following is found

b ab = azx?
xf =-— and x5 =—1—323
X3 X3
Thus the system (2) has a single fixed point,
e[_i ) alb—a3x3z]
X3 X3

Using the translation:

X=x =X
{y =x, =X
The point € can be reduced to the to the origin O .
2.2. Fixed Point Classification According to Eigenvalues
From the matrix J , we obtain:
det(A1 =J)=A* —a,A —a,x,
We put
det(AI-J)=0
Hence
A—aA—a,x; =0 4)
Assuming that, a, >0
1 For x3>0, the equation (4) has two solutions A and A,

such that, A <0<A, then the fixed point e is a
"saddle" point. The curve of the solution in the plane

(x1 —xz) is represented in (Figure 1.a), where the

directions of the orbits are represented by arrows when
the time ¢increases, when t tends to infinity only two
orbits move towards the fixed point e, and the others

diverge to infinity following two different directions.
2

2 For a, <0, when x, <—:—1: The equation (4) has
a

two solutions A, and A, such that, A <A, <0, so, the
fixed pointe is a "Node", which explains the tendency
of solution curves on the plane (x, —x,) to infinity
with the exception of two orbits that tend towards point

e . This is shown in (Figure 1.b), where the direction of

the orbits is represented by arrows.
2

3 For g <0, when -4 < x3 <0: The equation (4) has
@

two complex solutions conjugated with a negative real
part, the fixed point e is a "focus". The curve of the
solutions on the plane (x, —x,) is shown in (Figure
1.c), where the direction of the arrow is the direction of
the orbit when the time ¢ increases. When ¢ tends to
infinity, all the orbits move in spiral around to point e .

e s
Ve S5

@ (®)

Figure 1. (a) the fixed point € is a saddle point, (b) The fixed point € is a
fiode" (c) the fixed point € is a focus!"

2.3. The Relationship Between the Time Variable t and the
Function x;(t)

When ¢ tends to infinity, The orbit x;(¢) intersects the two

2

. . a
straight lines x; =——Land x; =0 alternately and several
a4

times. Hence, the division of the x; axis into three disjoint
domains [_w _alzj, [_ai

’0] and (O, +00) Which implies the
4a, 4a,

possession of the system (2) of different dynamic behaviors
in the three domains above. When tends to infinity the
system (2) changes its dynamic behavior and x;(f) passes
through these domains repeatedly, leading to complex
dynamics such as the appearance of bifurcations and chaos. It
is noticed that the system (2) depends on time ¢ when x;(¥)
varies over time. The two systems (1) and (2) can be verified
that are chaotic when the function x;(¢) passes through the

2

S a
straight lines x; = —4—1 and x; = 0 alternately.
4
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2.4. The Fixed Point of the System (1)

Let us now look for the fixed point of the system (1), it
results from the first and the second equation,

- 5)
1
And
%= asb - alxlz (6)
a X

By substituting (5) and (6) into the third system equation
(1), this equation is obtained,

a6 +Habe, +a0)x; —axcb=0 (7

To obtain a single fixed point, should be taken the case,

aybey +a,c=0orc= —a;ib ®)
2

Then, under the condition (8), the equation (7) has a
unique real root,

therefore the fixed point of system (1) is given by

2
E{s asc, b asb —a;x; _i]

ac arX X

2.5. Linearization of the System (2) at Fixed Point
E (x1 , X5, X3 )

The stability of the equilibrium state (point £ ), is
analyzed by linearizing the system (1) to point £ under the
linear transformation,

X:XI _.X'O
Y=X"X
Z:X3_ZO

Where
Yo = M 9)

The system (1) becomes in the form:

dx _ + +
—=agx+ta,y+tayz
d 2 }

dy
— =z x+x,z+xz 10
g 20T (10)

dz
o ar T Z0y TGzt ez
t

The Jacobian matrix A(FE) of the system (10) is

a a4 as
AE)=|zp 0 X (11)

G GZy GV
Its characteristic polynomial is given by
PA)=A+4A*+BA+C (12)
Where

A==(c;y0 tay)
B =bc, —asc, tacy) —a,z, (13)

C =a,cx,

Then, the conditions of Routh-Hurwitz lead to the
condition that the real parts of the roots are A -négative iff
A>0, C>0 and AB-C>0 . It is noticed that the
coefficients of the polynomial (12) are all positive. So
P(A)>0 for all A>0. Therefore, the only fixed point is
unstable ( rel(A)>0 ), If P(A)>0 has two conjugate
complex eigenvalues. It is noticed that, A =iw and

Since the sum of the three roots of the cubic P(A) is

So, we have Ay =—4 =c,y, +a, which is located on the
system stability margin (10).
From equality (14), we have

_ 2
_ —Cyayxy +a,a,xy + cyasb

/]3—

(15)

ax X
Then, we have
P(A)=-AB+C=0 (16)

Where
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2 2
4 = 295616% +a,a3bc; xy —aa,a5c,b
aya5C,b
(aa,a5¢,C +aic )x2 —a?abcix, +azbe (a,bey, —ayascy)
p = W15616) +a3¢1)Xg = a1 a3DCH Xy +a3hey (a,6¢, ~ ayascy (17)
a,a5C,b
C=aycx,

And

/ac
x() :3#})
a6

A substitution of (17) in (16) and with a complicated computation, it is obtained

2, bedd —alalclc? — adabet - alal 4 2,
(arasbcic; —azaseic; —ajasbe) —ayayaseic; —aa,¢)x;

2 3_ 3 2 2 4 22, 3 2,3 2
(=aya,a5bcic; — ayasbeic; +aja,a:b7cy —ajayazbeicy +ajayasbe; +asasbeics)x, (18)

—ataib’cs +ayazb’eics +ayasazshe; — ayazazh’c; +ayazaibeic, =0

aa13+ﬁa12+ya1+5:0 (19)
Where

-, 342 2
a = —asbc; xy +ayasbey x,

—_2 2_ 232 4
B =—asa;c,c,x5 —azbc,

(20)
Y = —aye,xg +(~ayaibe,cs +ayazh*cs — ayatbe,cd)x,
+a32b2c1c§ + a§a3bcg - a§a3b2c§ + agagbclcz

— (2 3_,22022\2 3 2, 3 2
0 =(ayasbe\c; —ayaseycy)xy +(—ayasbe ¢y +ayasbecy)x,

Assume that, a >0 and the equation (19) has a single solution @, =a,. Hence, for a; =g, the fixed point £ will lose its

stability, so a hopf bifurcation can occur. Using the two conditions (14), (16) and a; = g, . The polynomial P(A) can be written
in the form:

P(A)=(A=ay=c,y,)(A* +B) @1
Where

3022 4 2
Aga,a50,C, +a5¢,)Xy ~ agasbcs xy +asbe, (aybe, —ayasc)

j={ (22)

a,a;c,b

It is obvious that, the equation P(A)=0 has three roots, one negative, A3 =a, +¢,y, and a pair of conjugated purely
imaginary roots

3 2_ 2 2

. (apa,aycic, + aycy)xy —agasbes xy + asbe, (a,be, —a,asc .

/]12:11(02312 2¢1)%y ~agazbey xg +asbe, (aybe, 231):izd (23)
a,azcyb

Differentiate the two sides of the equation P(A) =0 for to g, .
We obtain

[1 _ X JAZ + ( 2a,beyxy = ay0%] J/]
dA _ a, a,b (24)
dt 302 +24A+B
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Hence

And

Conclusion. 1
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_ 2
[szo —1]012 +(ag+ cﬂo){zaobczxo A J
<0

dReA 1\ a, a)b (25)
-5 2
dal a,=a, 2 d2 + (aO + CZ.VO)

_ 2

El _ )Xy j(ao + Czyo) + 2aybcyxy — aycix;
dImA _ —ld a, a,b 26)

2
dal a,=a, 2 d2 +((10 +62y0)

1 According to the Hopf bifurcation theorem, it can be 3. Property of HOpf Bifurcation

concluded that a is the critical value.

In this section. The explicit formulas will be drawen to

2 The fixed point E is stable, when g, <a,, and there =~ determine the orientation, stability and period of these

are a periodic solutions when a; >q.

3 When a; crosses the value ¢, , the system (1)

periodic bifurcation solutions at point E for the critical value
a; = a, , using techniques of the normal form.

undergoes a Hopf bifurcation at fixed point E . 3.1. Supercritical and Subcritical Bifurcation

We put,

Let the eigenvectors corresponding to the eigenvalues
A =ay+c,y, and A, =id are v, and v, +iv;.
By direct calculations, the following is obtained

2
a,C\ Xy — ayayb

2 2.2
V| —ageyxg +(aga, +aybey)x, +agasbe,

=

2 2y 2 2 2
(ayc) +agbcy )xy —azb cs

22
aya;y Xy — ayasbc, x,

! @7

2 2
—aya,xy +asd”xy —a,asb

22, 22
12 ayxy +ayd

cyb? (be, =d?) =i %oy,
((bey = d’ )x0)2 + (Czdxoyo)2
0

2 2
d(asb°c, +ayasc x, +azbc))

2 2
V3 a,asb”c, +ajcd x,

(cieob =cid?)xg +c3b% v,
((bey = d’ )Xo )’ + (cxdxy vy )
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2 _
a,c1 Xy —ayasb

—aoazxg + a3d2xo —a,asb

2 2
d(asb”c, +ayasc;xy +azbc))

P=(v,vy,v3) =| —alc,xg +(akay +a,bey)x, +agashbe (28)
1,V2,V3 062X +(agay +aybey)xy +agazbe, @252 +a2d? ayazbPe, +aled x,
(a3e, +aghcd)xt - azb*c? eyb*(bey —d*) = ¢,c3xy v, (cicab = d?)xE +c3bty,
aoagxg —a,a;beyx ((bc, —a’z)xo)2 +(czdxoyo)2 ((bc, —afz)xo)2 +(czdx0y0)2
To facilitate the calculations, the matrix (28) is replaced by J
; u
the following, 7; = —du, + F(uy,uy,uy)
1 1 0 du
auy _
a a, a (29) duy + G (uy,uy,u3) (32)
Ak A %z/]%"'H(“la“za%)
Where
Where
a = aye,Xy —aga,b
1 —aéczxg +(a§a2 +a,bc,)x, +agazhe, Fuy,uy,uy ) =my fluy,uy,uz )+ mscyg(uy,uy,uz)
2 2 Gy, uy,uz ) = my fluy,uy,uz )+ nsc gluy,uy,uz)
@ = 2+ a2d? Huy,uy,u3) = ko fluy,uy,uz ) + ke, gl uy,u3)
s 20 X Sy uy,us ) = (g +uy )( By + Bouy + By )
3= Hah c; :%%C;xo ";%bcl) gluy,uy,uz ) = (Qyuy +Qouy +asus )( By + Bouy + Puy)
ayazb”c, +ajcd x,
B = (d3c; +aghcd)xg —ash*cs - =(1+ af -3 ]
' aoagxg —a,a;bc,x, (B —a3)(a, —ay)
- Czbz(bcz _dz)_clchoJ’O (30) my = - B
’ ((bey =d*)xp)* +(cydxyy)° (B ~as)a, ~ay)
(cic b—cdz)x2+czb2y my =— %
3~ =2 21 2 . 2 02 (ﬁ3_a3)(a2_al)
((bey =d™)xy)™ +(crdxoyy)
0= @B — oy
Then, perform the following transformation on the system ! Bi(a, —a,)—ay(B, - B)
(10) B
X U B, —a)-a;(B, =)
y|=Plu, ny = as
z us Bi(ay—a)-a3(B, ~ B)
Hence k = QB —mpB
By, —a) —a5 (B - )
“ - B -5
- p! ky =
Uy 1= y B, —a) ~as;(B — B)
Us z r = a, -
L, =-
B, —a)) -as;(B = B)

In order to obtain

u =mx+tmyy+msz
Uy =mx+n,y+nyz (31)

us =kix+tkyy+hsz

Therefore

Applying now, the method of Auchmuty and Nicolas
(Hasard and al.1981, Zhang, 1991), from system (32), the

following quantities can be calculated at a; =a, and
0(0,0,0) .
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_1[02F OF .LOZG azGJ]
guE—| 5+t ti| 5+

4\ ol 0us oul  0u3
Hence
1 1.
& :5((’"2/31 +my By +myc,a B+ mye, @, B ))"'El((”zﬁl +ny B, +me, ) B + 30,0, B, ))
And
_10°F 0°F ’G  [9*G o°G 9*F
8=, 2 3~ AL R e
4 aul au2 aulauz aul au2 aulauz
Hence
1
8 =E(m2(ﬁ1 _ﬁ2)+m3cz(0'1:31 —a,05)—m(B +B)—ma (@B +a,5) +
1.
5’(”2(ﬁ1 =Bo)tmey (B~ B) +my (B + By) +mycy (4, B +a'1:32))
On the other hand
_ 1| 0*F 0*F  _ 0°G  [9°G 9°G , 0°F
e AP R ST
4 aul au2 6u16u2 aul auz 6u16u2
Therefore
1
&20 :E(mz(ﬂl _ﬂz)+m3cz(alﬂl =,B) —my (B + By) tmycy (L B+ oy By) +
1.
El(”z(ﬂl =Bo) t ey (a0 B =, B) —my (B + Br) —mycy (0, By +0'1:32))
And
110°F o'F G oG (oG, oG oF OF
Gy=gl -5+ I e ] R sy 2 725 A3
8| Ou;  OuwOu; OujOu, Ou; Owj  OwOuy OujOu, Ouy
Therefore And
Gy =0 _1(0*H 0*H . o°H
hzo_z ou? _0 2 _Zlauau
In addition to ! U 1772

J Therefore

Hence

1
By :E(kz(ﬁl +By) +ksey (B +ay By))

hy :%((kz(ﬁl _/82)""]‘302(0'1:31 - 053) _i(kz(ﬂl +B) ko (o[ +a'1,82)))

Then, the following system equations are obtained

|
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A =-h h
{1““ o (33) @ =
(A =2id)awy = —hy 1
- . oy
The solution of the system (33) is Wy = (A —2id)
Hence
__ (kz(/31 +B) ke (af +a2/32))
! 24,
_ _kAB - B) e (@b ~0,8,) +2d (ky (B + Bo) + ko (a0, B + @, 3,)) .
0 2A +4d7)
iZd(kz(/% -B) the, (@B -0 8)) A k(B + B) H ey, (an B + aB))
2(A +4d?)

On the other hand, we have

_1[ #*F ’G [ #*G  o°F
G =7 + +i -
2| OuOuz  Ou,O0us OuOuy  Ou,Ous

Therefore
1

Gy = E(ﬁz (mz +”2) tasc, (”13:31 +”3ﬁ2)+czﬁ3 (m3al +”3a2)) +

1.

> (ﬁ3 (my =my) +ase, (m B —my By) + . s (msn _”13‘72))
Then

821 =Gy +(2G110041 + Gllowzo)

Hence

&1 = (183 (my +ny)+ asey (msfB + 355 ) + 255 (s +n3a2)) x

_k(B L) tha@BraB) |
22

%(,33 (my =my) + sy (ms By —nsBo) + 2 By (myar, = ”30'2)) x

[kz/]l(ﬁl -B) theA(@ B~y B) +2d (ky (B + Bo) +k3‘72)j _

2(A% +4d?)
1
Z(ﬁa (my +ny) + @y (3B + msfBy ) + ¢y By (3 + myars )) x

2d (kz(ﬁ1 -5tk (ay B 'azlgz)) -4 (k2(131 + ) ke, (L +a1:32)) +
2(A% +4d?)

%i(,@ (my =ny) + asey (m3By = n3Bo) + B (myan '”30'2)) X

2d (kz (B + By) +hsey (B - azﬁz)) -4 (kz (B +Bo) Hhsey (B + 0’1132)) +
2(A% +4d?)

%i(ﬂ3 (my+my) + ase, (35, +ms Bo) + 25 (ns +m30'2)) X

A (B = B) e (@B - a0 By)) +2d (ky (B + By) + s,
AP +4d?
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Finally, we have

G (0) zi[gzogn —2|g11|2 _%|g02|2j+%|g21|

__ Re(C(0))
2 = " Re(A (ag))

—_ Im(C;(0)) + £, (A'(ay))
d

2

V2 =2Re(G(0))

We know that
1. W, Determines the direction of the Hopf bifurcation.

i If>0, the Hopf bifurcation is subcritical.
i If g4, <0, the Hopf bifurcation is supercritical and the

bifurcated periodic solution exists for a; > g, and
a <a-
2. ), Determines the bifurcated periodic solution
stability.
i If Y <0, the bifurcated periodic solutions on the

central collector are stable.
i If Y >0, the bifurcated periodic solutions on the

central collector are unstable.
3. 7, Determines the periods of the bifurcation of the

periodic solutions.
i If 7,>0, the periods increase.

i If 7, <0, the periods decrease.

3.2. Numerical Simulation

The numerical simulation confirms the results obtained by
this method

For a, =1.5, a3 =2, b=-13, c=—-15and c=-1.

1. If q =-1.221,

The attractor generated by the chaotic system (1) as shown
in (Figure 2).

10~

B

L3

Figure 2. The chaotic attractor for the system (1).

2. If a; =-1.440.
The attractor generated by the chaotic system (1) as shown

in Figure 3.

L2

4

2
X3

Figure 3. The chaotic attractor for the system (1).

4. Conclusion

In this paper, a three - dimensional quadratic system with
seven bifurcation parameters has been studied. Using a
projection on the plane and choosing a suitable bifurcation
parameter, this method has been proved that can help us to
simplify the study of bifurcations and in particular the Hopf
bifurcation, have been demonstrated that it occurs when the

bifurcation parameter @ crosses the critical value @ . The

direction of the Hopf bifurcation and the stability of the
bifurcated periodic solutions are analyzed in detail.
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