Pure and Applied Mathematics Journal
2016; 5(2): 32-38
http://www.sciencepublishinggroup.com/j/pamj

doi: 10.11648/j.pamj.20160502.11

ISSN: 2326-9790 (Print); ISSN: 2326-9812 (Online)

ca J' v )
otlencer

Science Publishing Group

Numerical Representation of MHD Turbulence Prior to the

Ultimate Phase of Decay

Ripan Roy’, M. Abu Bkar Pk

Department of Applied Mathematics, University of Rajshahi, Rajshahi, Bangladesh

Email address:

ripan.ru.bd@gmail.com (R. Roy), abubakarpk ru@yahoo.com (M. A. B. Pk)

*Corresponding author

To cite this article:

Ripan Roy, M. Abu Bkar Pk. Numerical Representation of MHD Turbulence Prior to the Ultimate Phase of Decay. Pure and Applied
Mathematics Journal. Vol. 5, No. 2, 2016, pp. 32-38. doi: 10.11648/j.pam;.20160502.11

Received: February 26, 2016; Accepted: March 8, 2016; Published: March 21, 2016

Abstract: Following Deissler’s approach the magnetic field fluctuation in MHD turbulence prior to the ultimatephase of
decay is studied. Two and three point correlation equations have been obtained and the set of equations is made determinate by
neglecting the quadruple correlations in comparison with second and third order correlations. The correlation equations are
changed to spectral form by taking their Fourier transforms. The decay law for magnetic field fluctuations is obtained and
discussed the problem numerically and represented the results graphically.
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1. Introduction

Magneto  hydrodynamic ~ (MHD)  turbulence is
characterized by nonlinear interactions among fluctuations of
the magnetic field and flow velocity over a range of spatial
and temporal scales. It plays an important role in the
transport of energetic particles. Magneto hydrodynamics
turbulence has been employed as a physical model for a wide
range of applications in astrophysical and space plasma
physics. The fundamental aspects of MHD turbulence include
spectral energy transfer, non-locality, and anisotropy, each of
which is related to the multiplicity of dynamical time scales
that may be present. These basic issues can be discussed
based on the concepts of magnetic Prandtle number of the
small scales in the magnetic field. The magnetic Prandtle
number defined as the ratio between the kinematic viscosity
and the magnetic diffusivity. Boyd (2001) discussed
Chebyshev and Forier spectral methods. Shebalin (2002)
explained the statistical mechanics of ideal homogeneous
turbulence. Biskamp (2003) obtained magneto hydrodynamic
turbulence. Islam and Sarker (2001) developed the first order
reactant in MHD turbulence before the final period of decay
for the case of multi-point and multi-time. Shebalin (2006)
also oriented ideal homogeneous magnetohydrodynamic
turbulence in the presence of rotation and a mean magnetic

field. Deissler (1958, 1960) developed a theory ‘on the decay
of homogeneous turbulence for times before the final period.’
By considering Deissler’s theory, Loeffler and Deissler
(1961) studied the decay of temperature fluctuation in
homogeneous turbulence before the final period. Bkar Pk et
al. (2013) illustrated the decay of MHD turbulence prior to
the ultimate phase in presence of dust particle for four-point
correlation. Chandrasekhar (1951) obtained the invariant
theory of isotropic turbulence in magneto-hydrodynamics.
Rahaman (2010) obtained the decay of first order reactant in
incompressible MHD turbulence before the final period for
the case of multi-point and multi-time in a rotating system.
Corrsin  (1951) considered the spectrum of isotropic
temperature fluctuations in isotropic turbulence. In their
approach they considered the two- and three-point correlation
equations and solved these equations after neglecting the
fourth and higher order correlation terms analytically. Here,
two- and three-point correlation equations have been
considered, and the same approach of Deissler (1960) is
applied to a theory of decaying homogeneous turblence.
Sarker and Kishore (1991) derived the problem decay of the
MHD turbulence before the final period analytically. In this
chapter, we have discussed the problem numerically and
represented the results graphically. We have shown that if the
magnetic diffusivity is constant and kinematic viscosity is
transferable then the fluctuation of the decay curves is linear
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and is parallel to the direction of x-axis and the decay is very
small at constant time.

2. Mathematical Formulation

For two points, we need two equations. Let the induction
equation of magnetic field at the point P is

an; an; u; 32h;
—tt U= hy ot (_) — (1)
at dxy Oxy Pp” 0xp0xk
and at the point P’ will be
an;' ony' au, _9%h"
+ U= — hy = (_) 7 2
at 6x 6Xk Py~ Oxy 6xk

where
—,2
W = % + % |h| is the total MHD pressure,

p(x, t) is the hydrodynamic pressure,
p is the fluid density,

9 . .
Py = 7 is defined as the magnetic prandtle number,

9 is the kinematic viscosity,

A is the magnetic diffusivity,

h;(x, t) is the magnetic field fluctuation,

u;(x, t) is the turbulent velocity,

t is the time, x, is the space coordinate, and the repeated
subscripts are summed from 1 to 3.

Multiplying the equation (1) by hj' and (2) byh;we get
respectively

oh; ’ oh l ou; ’ 92h;
hi' =+ h/'u, —— t=(—)h, —— 3
j e T ey "axk ( hy dxdxk )

an;' on;' ou;’ 9 a2n;’
h- =L + hu —nhh Py 2 4
L ot + Uk 57 ax itk 6xk’ (PM) 1 axk/axk/ ( )

Adding equation (3) and (4) and taking ensemble average
with transformations

0 0 0

onry ox, Oxy'

and Chandrasekhar’s relation (1951)

(ukhihj,) = _(hiuk,hj’)and<hiujlhk’) = _<uihkhj’)
we obtain
a(hh')+2 a( "h;h;") a( hih;')
ac I (’)rkukij rkuikj
9 92 ’
= Zam(hzhj ) (%)

We have three dimensional Fourier transforms
(iY@ = [7 (W) (K) exp(iK.7) dK (6)
(whih Y@ = [° (2%, ¥, )(K) exp(iK.7) dK (7)

Integrating the subscripts i and j and then integrating the
points P and P', we have

(dkhihj’)(?') = (ukhihj’)(_F)
= 7 (W, ¥")(—K) exp(iK.7) dK 8)

Putting these three equations in (5) becomes
0 PN v, .
praely )(K) +2 Ek (¥;¥,")(K)

= 2ik[{@ ¥ ¥ ) (K) — (¥ %) (=K)]
The above tensor equation becomes a scalar equation by
contraction of the indices i and j

? . ~
—_— . ., —_— 2 . -,
3¢ (V¥ () + 25k (w9 (K)

= 2ik; [(a, ¥ W, )(K) — (¥, 9, )(-K)] (9)

The term on the right hand side of the equation (9) is
called energy transfer term while the second term on the left
hand side is the dissipation term.

We consider the momentum equation of MHD turbulence
at the point P, and the induction equations of magnetic field
fluctuation at P' and P" as follows

oy duy any ow 9%y
— — —hy—=——"+9 1
at Koxe K oxg ax; + dxpdxy (10)
an;' an;' au;’ 9 9%n;'
- +uk’ lr_ k, lr=_ 7 - ’ (11)
t dxy Oxy Ppp Oxy'0xy
" " 2, 11
6h1 6h] 1 ouj _ kA 0°h;j (12)
k 6xk” Py 6xk”6xk”

Multiplying equation (10) by h;h;", (11) by uihj” and (12)
by u;h;’, we obtain

o0y, ., Oy
by 5 iy S by
_ 1 OW o 9%y
= —huly" S+ SRk S (13)
7 ahi, 7 ah’ " aui’
u;h; W ' uih; 6 —h'u u;h; o,
_ 9 n o 9%n
- auihj axy dxy' (14)
’ j” " ’ j” " ’ auj”
u;h; T + . 'u;h; Fk” — hy uh; W
= Ly I as)

PM [ e 2 axkllaxkll

Combining equations (13), (14), (15), and taking time
average and using the transformation, we obtain

o _ a8 9 _ 2

axg' -

ar ' oxy'! - ar,”’

and
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_ 0,0
dx,  0r, on’

We get
(ulhl ) ==+ PM) —(wh'l") +
(1 + PM) (ulh W)+ 2Py o (u,h ") =
(ulukh h ) + (ulukh h ”) (h hkh h ”) -
—(hzhkh' 'h"y - (uluk’h ") +o- (ulul,hk by —
(uluk”h "h; ”) +5— (ulu]”h 'n"y + —((Wh h "V +
s Whi'ly")  (16)

Using Fourier transforms
(ulhi,(F)ﬁhj”(F’)) =
JZ 12 (@8 (K)B;" (K')) . exp[i(K.7 + K'.7")] dKdK" (17)
and
(Why' (@), 8" ) =
IZ 05 B ()" (K')) . expli(K.7 + K'.#)] dKdK' (18)
with transformation
(uluk”hj”hi,) = (wu'h;'B")
and
(uluj”hi'hk”) = (ului’hk'hj”)
The equation (17) reduces into the form
S (08B + = [(1 + Py + (1 + Pk’ +
at Py
2Pykiky (DB B; ) = ik ki NPy B B ) —
i(ky+ki YBiBrB:' By ) — ilky+ky YDy @' Bi'B; ) +
i(ky+k WD @, BBy ) + ik +k, )yBi'B; ) (19)

Taking contraction of the indices i and j in equation (19),
we get the spectrum equation at three point correlation as:

d I L4 2 12
50 (PB B + 5[+ P (k2 + )
M
+ 2Py kk' (@B
= i(kk+kk,)<cblq)kﬁi,ﬁ,i’”)
— i(ki+h YBiBrBi B ,),
— i(kytki YD DBy B; ) +

ik th W@, 0, BBy + ik +k, )y B B) (20)

Taking derivative of equation (10) at Pwith respect to x;
we get

a?w 9?2
6xlaxl_

(wuye — hyhy) (21)

6xlaxk

For independent variables r and r’ multiplying equation
(21) by h;'h;"”, taking time averages we get

a* a* _ a*
_[arlarl Hrl’z?rl Hrlar ]( h h ) [Br ory Brllark
02
ot | e ) = i ) 22)

Applying Fourier transforms of the equation (22), we get

’ n 7 14
(kikp+ky ke+koky ) (@B B )—(BiBrBi’ B )
K2+k" 42k k)

BBy = (23)

where (y,b’i',b’j”) is the pressure correlation.

3. Results and Discussion

The solution is obtained by considering the two-point
correlation after neglecting the third order correlations the
three point correlation equations is considered and the
quadruple correlations are neglected. The terms (yﬁi'ﬁj”)
associated with the pressure correlations must be neglected.
Thus, neglecting all the terms on the right hand side of the
equation (2), we have

a n
E(Cblﬁi,ﬂj )+
% [(1+ Py)(K2 + K'®) + 2Py KK'[(®,8/B;") = 0 (24)

Integrating the equation (24) between tyand t with inner
multiplication by k; and gives

ki B} = kid @By B Vo exp [ = 1 (L + Pud (2 + %) +
2PyKK' cos 6} (ty — )] (25)

Where 6 is the angle between kand k'.
Now, by letting ' = 0 in the equation (18) and comparing
with the equation (7) and (8), we obtain

(W ¥)(K) = [ (@8 ) dK (26)

(@W W) (-K) = [Z (0.8 (-K)B (-K')dE (27)

Substituting the equations (25), (26) and (27) in equation
(9), we get

d - ) -
— (YWY (K) + 2 — K29, ¥/} (K)
= 2ik (@B B;") — (@8 (K)B: (=K' Do
_exp [—%{(1 + Py) (k2 + k%) + 2Py kk’ cos 8] (t — to)]dK" (28)
Now, dK’ = dK/dK;dK} can be expressed in terms of
k'and@.

Following Sarker and kishore (1991) and using Loeffler
and Deissler (1961) and assumption and then integrating
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w.r.to cos 6, we get, where H = 27Tk2(‘Pi‘Pi’)(I_() ) is the magnetic energy spectrum

oH  20Kk2H function and G is the energy transfer term given by

at Py

=G (29)

B fy (0K = 1K) fexpl{= - (¢ = t)[(1+ Py) (k2 + k') = 2Py ek 1} = exp{= - (¢ = t)[(1 + Py) (k2 +

T 9(t-to)
k') + 2Py kk']}] dk’ (30)
Integrating equation (30) with respect to k', we have
5
_ —mEo P —9(t—tg) ,1+2Ppm.; 15Ppk* 5P% 3 6, Pum Py? 3
G= ﬁg(t_to)gmpmg eXp{ Pym '(1+PM ok } [4192(t—t0)2(1+PM) + {(1+PM)219(t—t0) 219(t—t0)} ko + 14Py {(1+PM)2 1} k] (D

Nok? .
L isa constant,we get

Solving the linear equation (29)and using Corrsin(1951) relation J (k) =

5

Nok? 9k2(t—t Vg P2, —9k2(t—to)(1+2P 3Ppk* 7PL—6Pp)k®  4(3P4—2Pp+3)k®
H="No exp[—Z 15 O)]+3 oFi _ { P( 10); M)} M 5+(M M) 3_(M M )1+
T M 9Z(1+Pp)Z M(1+Pwm) 202(t-t5)2  3(1+Py)(t—t0)Z  3(1+Pp)2(t—t0)Z
8vVI(3Pg—2Pp+3)k°®
—— 1 F(w)] (32)
3(1+PpM)2PE,
where
Table 1. If A is fixed and 9 varies from 0.05 to 0.15.
—w? 2 I(t—t
F(w)=e® fo‘*’ e’ dx,w =k /[ﬁ] 9 A Py Q A B
Pm(1+Pm) 0.05 2 0.025  -496x 107 697 x107°  -0.064
. 0.10 2 0.050 -7.24 x 1078 1.971x 107* -0.144
By setting 0.15 2 0.075 -1.08 x 10~° 3.622x 107*  -0.190
r=0j=i Table 2. Different values of A and B if A is constant.
7 _ 2 _ 2 ) A Py Q A B
dK = —2mk*d(cos 0)dkandH = 2mk*(¥;¥;) 020 2 0100  527x10°  5576x10* -0.164
. . . . 0.25 2 0.125 -2.08 x 107° 7.791 x 10~*  -0.170
in the equation (20), we get the expression for magnetic 3 2 0150 5645%10~°5  1.024x10~2  -0.155

energy decay as
Table 3. Values of A and B for the variation of 9.

(hihyry _ oo
2 fo Hdk (33) ) 2 Py Q A B
L. . . . . 0.35 2 0.175 -1.262 x 107* 1.291x 1072  -0.137
Substituting equation (32) into (33) and after integration w. (.49 2 0200 2453%10~* 1577 %10~  -0.120
r.to time, we can write 0.45 2 0.225 -4.293 x 107* 1.882x 1072  -0.103
3
(h?) = A(t — tp) 2+ B(t — tp)™° (34)
where
0 Py [ 9 4 5Py (7Py — 6)
= 5 -
(1+Py)(1+2P,): 26 (1+2P)
8(1 + 2Py)? ]
3 3
_NoPZ9 2
A 8V2m
B=%,2QY°

Figure 1. Energy decay curves for A= 6.97 x107%and B = 0.064,

which is the decay law for magnetic energy fluctuation ty=0.4, 0.7, and 0.9.

before the final period.
Now we are going to discuss the problem in numerical
analysis:
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T|m‘e(t)

Figure 2. Energy decay curves for A= 1.971 X 10™*and B = —0.144,
ty=0.4, 0.7, and 0.9.

1 1.1 1.2 1.3 1.4 1.5 K 7 1.8 1.9 2

Figure 3. Energy decay A= 3.622x10"*and B =

—0.190,t,=0.4, 0.7, and 0.9.

curves  for

If A (magnetic diffusivity) is fixed and 9 (kinematic
viscosity) varies from 0.05 to 0.15 in Table 1, Magnetic
Prandtle number P, is increased for increasing of kinematic
viscosity (9) because they are proportional to each other.

1 1.2 1.4 1.6 1.8 2
Time(t)

Figure 4. Energy decay curves for A= 5.576 X 10~*and B = —0.164,
to=0.4, 0.7, and 0.9.

For fixed time (t, =0.4, 0.7, 0.9) and for different values
of A and B, the total energy (h?) is increasing from Figure 1
to Figure 3. Here time (t) has been taken in the direction of

x-axis and total energy (h?) in the direction of y-axis. In the
direction of x-axis for time the limit has been taken from 1 to
2 and in the direction of y-axis for total energy the limit has
been taken from 0 to 7.

When A is fixed and 9 varies from 0.20 to 0.30, different
values of A & B in Table 2, the change of total energy is very
small from Figure 4 to Figure 6.

1 1.2 1.4 16 1.8 2
Time(t)

Figure 5. Energy decay curves for A= 7.791 X 10~*and B = —0.170,
ty=0.4, 0.7, and 0.9.

Time(t)

Figure 6. Energy decay curves for A =1.024 X 1073 and B = —0.155,
to=0.4, 0.7, and 0.9.

<h2>

1 1.2 1.4 1.6 1.8 2
Time(t)

Figure 7. Energy decay curves for A= 1.291x 1073and B = —0.137,
to=0.4, 0.7, and 0.9.
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<h2>

1 1.2 1.4 1.6 1.8
Time(t)

Figure 8. Energy decay curves for A= 1.577 X 1073and B = —0.120,
ty=0.4, 0.7, and 0.9.

1 1.2 1.4 1.6 1.8 2
Time(t)

Figure 9. Energy decay curves forA = 1.882x 1072 and B = —0.103,
ty=0.4, 0.7, and 0.9.

Similarly, if A is fixed and 9 varies from 0.35 to 0.45 in
Table 3, the straight line is smaller than that of Figure 5
which has been shown in the Figure 9.

But for fixed time and different values of A & B which has
been indicated by Table 3, the total energy is decreasing
slowly from Figure 7 to Figure 9.

4. Conclusion

From the above tables, figures and discussion we conclude

that the following results:

* When magnetic diffusivity is constant and kinematic
viscosity is changeable then the Magnetic Prandtle
number is proportional to the kinematic viscosity.

* In the absence of non-dimensional quantity the total
energy of magnetic field fluctuation is decaying very
rapidly.

* The magnetic field fluctuation of total energy is
gradually increased at fixed time ty= 0.4, 0.7, and 0.9.

* The energy decay is very small at constant time which
has been shown in the Figure 6 to Figure 8.
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