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Abstract: In the present paper, we find out the eigenvalues and the corresponding eigenfunctions of the modified Frankl
problem with a nonlocal parity condition, the completeness and the basis property in the elliptic part of the third kind of a domain

in I (O,g) . We also consider a new boundaries condition and analyze the orthogonal basis of the eigenfunctions depending on
parameters of the problem.
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1. Introduction
2. Statement of the Modified Frankl

The classical Frankl problem was considered in [3]. The Problem

problem was further developed in [2, pp.339-345], [12,
pp-235-252]. Several authors have also have investigated this
issue (see [1-13]). On the solution of the Frankl prolem in a
special domain in [12]. About spectrum of the gasedynamic T 2 2
problem of Frankl for the model equation of mixed type in uz,y) €C (D* VD, UD,)NCHD,)NCAD.,),
[10]. About construction of the gasedynamic problem of
Frankl in [11]. Basis property of eigen -functions of the
generalized problem of Frankl with a nonlocal parity u_ +sgn(y)u 4 plsgn(z +y)u =0, (1)
condition and with the discontinuity of the gradient of ” v
solution in [9].

In the present paper, we consider boundaries conditions of
the third kind on the intervals (-1,0) and (0,1) of the axis OY
for which the derivatives of functions with respect to z on u(1,0)= 0,0 € [071]7 )
these intervals are related by linear dependence. We show 2
that if the dependence coefficient exceeds -1 (the coefficient
cannot be zero, since, otherwise, the problem will
degenerate), then the systems of eigenfunctions of the w(0,y) = 0,y € [~1,1] 3)
problem forms a Riesz basis in the elliptic part of the domain.

Definition 1. Find a solution

of the modified generalized Frankl problem

in D, UD and the boundary conditions

in the polar coordinate system

k@(O,y) = @(0, —y),y € (0,1),k = 0is a constant (4)
oz oz
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klim

o Wz y) =lm _ u(z,y),z € (0,1). %)

here D+

circle

is the domain in the top half-plane bounded by a

v ={(z,y),2" +y" =1}

and the segment [0,1] of the axis OY,and D =D UD ,

is the domain in the bottom half space, where D  is
bounded by the characteristic ¥y =2 —1and ¥ = —% and
the segment [0,1] of the axis OX'and D , is bounded by the

characteristic =2z—1and ¥y=-7 and the segment
[-1,0] of the axis OY.

Definition 2. .System {z_}

wen © X is called complete in

|=X.
Definition 3. .System{z } _

X if o ¢ If{z } _ ] VkeN.

y € X s called minimal in

Remark 4. If the system is minimal in Lp(f ), then it is also

minimal in L, (J), for J DT ,and if it is complete in L, (J)

for JC 1.
Theorem 5 ([1,5]). The eigenvalues and eigenfunctions of
problem (1-5) can be written out in two series.

In the first series, the eigenvalues A = ,uik are found from
the equation

J4n(‘unk) = 07

where p ,n,k =12 ..., are roots of the Bessel equation

(6),J_(2), is the Bessel function [6,7, Russian translation],
and the eigenfunctions are given by the formulas

wa(r,0)= A J, (. 7) sin(4n(§ —0)), in D_,

’Um].( 0)=EkA J, (n,p)sinh(4ny)), in D, (6)
Uw}.( ,0)=kA J, (n, R)sinh(4np), in D ,
where

z=rcosby=rsinf (<40 ggﬂﬂ =2 +y’in D,

0<p<li—oco<®<0,p’=2z"—y’ in D, and,
z = Rsinh g,y = —R cosh ¢,

in D,

0<p<too,R =y —2a’

In the second series, the eigenvalues)\~ = ,&ik are found

from the equation

J- ('ank) =0.

an

1 K 11
A = —arcsin A e (—=,2)\ {0
where - '—1+142 ( 9 2)\{ } )
an =2+ 4(n—A){x,}, ., CX  and the corresponding

eigenfunctions have the form

Ui (1, 0) = AnAJ ( .7 sin(a (5—9)), in D,
Unk (7’ 0) = kAmJ (unkp) sinh(— cosh(;z:w)

, r+1 (7

—z ac‘ — 1 sinh(a Y)), inD
. e S
unk (r,0) = kAuJ —(p,, R)sinh(a @), in D,
Theorem 6 ([5]). The function system
7T o0 7T [o¢)

(st -0k {eostn+)E -0k, ®)

is complete and a Riesz basis in Lz(O,g), provided that

3
7

3. Main Results

Consider Frankl problem (1)-(5) with the new boundary
condition

9% (0,4) = 0.y € (~1,0)U(0,1), 9
oz
ku(0,y) = u(0,—y),y €[0,1],ku(0,07) = u(0,07),  (10)
k@( ,0*)_@(:@0*) —00 <k <H400,0<z<1. (I1)
Yy dy

Theorem 7. The eigenvalues and eigenfunctions of
problem (1-5) can be written out in two series.

In the first series, the eigenvalues A = ,ujk are found from

the equation

J471+A (‘unk) = 0’ (12)

where it ,n,k =12 ,..., are roots of the Bessel equation

(6),J, (2), is the Bessel function [4], and the eigenfunctions
are given by the formula

™ .
A J, (w,r) cos(4n)(§ —0), in D%
unk = kAnkJLM (’unkp) COSh(4n)¢’ in D—l; (13)
kA J, (u R)cosh(4n)p, in D,
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where

z=rcosf,y=rsinf for 0<0 Sg’TZ =1z’ 49

D : z = peoship,y = psinh ¢, for,
0<p<li—co<9<0p’=2"—y’, in D, , and,
z = Rsinh ¢,y = —R cosh ¢, for,

0<¢ <400,k =y" —z’in D,
In the second series, the eigenvalues \ = ﬂzk are found
from the equation

i )= 0.

J4(7L+A)(‘unk (14)

wheren,k =12 ,... and the (ji , ) are the roots of the Bessel

equation (8).

")

4HA( )cos4(n+A)(5—9) in D

J4 n+A)(M kp)'
[cosh 4(n +A)p cos4(n +A)g in D ;

nk —1

+ xsinh 4(n +A)) cos4(n +4)],

kAnI\ J4 71+A)(’ankR) ’

cosh(4(n +A)p) - in D

[cos4(n +A)g —sin4(n +A)g],

1 1
where A = —arcsin ;A €(0,-), and
m 14 K* 2

fJ w r)rdr =1,

nkf 4n+n 'unlur Td?" - 1

A, > 0and flnk >0.

Theorem 8. The function system

{Cos(4n)(g —0)}™ ,{cos4(n +4) (g -0y, (5)

is complete and a Riesz basis in (0, 2) provided that

Proof. In order to prove this theorem we use the method in
[1, 6] by considering convergence function

ZA cos4n(——<9 +ZB Cos4(n+A)(5—9)

n=0 n=1

in I (0, g) and Riesz basis the system (sin4(n +A) (g —9))

for Ae (;1,2)
4 4

Remark 9. For A< _71 the system (10) is not complete
but is minimal, for A> % is complete but is not minimal, and

if A= % , is complete and minimal.

Theorem 10. The system of eigenfunctions

A J

u, (r,0)=A J, (u,r)cos(4n) (g -0,

A J

nk” 4(n+4)

i, (r,0) = (f1,,7)[cosh 4(n +A)p cos 4(n +A)g] ,

is complete and basis in the space I (O,g) , therefore

f(r, 0 (r,0)rdrdd = 0,

C\m\:&

fo 2 f(r,0)a (r,0)rdrd = 0,

and f € LZ(o,g) then f=Oin (0%)'

Proof. Using Fubini theorem for any n,k = 1,2,... we have

o_f f(r,0)u,

j: (rJ,, (pnkr)ff f(r,0)cos(4n) (g — 60)dO)dr

(r,0)rdfdr

again since f €L’ [0,%] S0;

[ 2|f(r.0) [ dBdr < oo

and since the system {\/;JM(:“MT)};; in I*(0,1) is

orthogonal and complete, it is enough to prove:

Jr [ * £r,0) cos(4n)(g —9)df € I(0,1).
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Using the Holder inequality
T oaobe Ly [
Nrf ,6) cos(dam) (- 9)d9|<2rfU (.0 | do [ * do

_r B 2 _T 2 2
= [PV do==or [ 217G 0)F de,

with the integration interval (0,1).

fol |\/;f0§f(r,9) cos(4n)(g— 0)do [ dr?
<%j:j;%r|f(r,9) [ drdd < cc.

This inequality is equivalent to
: H T 0doE
{j; Jr | fo f(r,0) cos(4n)(2 0)do [ dr}? < oo

Also system {\/;JM (,unkr)}k“;l is orthogonal and complete

in 7 (0, g) of relation

S}, N [ 507, 0)con(an) (5 a0y = 0
imply that
Jr I J(r,6) cos(4n) (7~ 0)d8 = 0.

According to theorem 6, we conclude that f(r,6) =0 in

I7(0,1). Similarly, if we consider the above calculations for

sequence {cos 4(n +A)(§ —6)}> , we have

n=1’

\/;f()Q f(r,0)cos4(n —&-A)(; —6)dg = 0.

Because completeness

{cos4(n +A) (g -0

n=0"?

Fr0)=0in I2(0,1).

The proof of the theorem is complete.
Remark 11. If A =0 then the system becomes the

system {sin(2nf)}>

n=1

which is basis in the space L”(O%)

and an orthogonal basis in the space I’ (O,g).
The proof of remark 11 results from theorem 10.
Remark 12. In case A> % and A = % + k,k € N then

the system is complete but is not minimal.

In case A< _Tl and A= —i— k.,k € N then the
system is not complete but is minimal.

In case A= %4— k,k € Z then the system is complete but

is not minimal in the space I’ (O,%) and is not complete in

the space I’ (0, g)

The proof of remark 12 results from theorem 8.

4. Conclusion

Consider Frankl problem (1)-(5) with the new boundary
condition (9)-(10) and (11), so we find out the eigenvalues of
the problem with a nonlocal parity condition ,the
completeness and the basis property in the elliptic part of the

third kind of a domin in I? (0%).
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