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Abstract: In this paper we establish the relation between graded essential extensions of graded modules and injectivity of such
modules. We relate the graded injective hull E,, (M) of a graded module M with the graded essential extensions of M. We round
off by establishing necessary and sufficient conditions for indecomposability of graded injective modules in terms of their graded

injective hulls.
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1. Introduction

The study of projective and injective modules constitutes
the backbone of the modern homological algebra. Injective
modules are closely related to essential extensions. Actually,
if R is an associative ring with 1 then an R-module M is
injective if and only if it has no proper essential extension.
Moreover, the idea of essential extensions has been proved to
be indispensable in the formation of the injective hull of a
module which is crucial for the theory of rings of quotient.
For over forty years, the theory of injective modules has been
widely investigated and various aspects of this theory has
been completely settled, cf. [1],[2],[3],[4].

This paper is devoted to the study of the interplay between
graded essential extensions and graded injective modules. In
section 2 we recall some basic notions, definitions, and
preliminary results. In section 3 we investigate the relation
between the concept of graded essential extensions and
injectivity of graded modules. Actually, after deriving the
basic properties of graded essential extensions in Proposition
3.1, we provide an important characterization of graded
injective modules in terms of graded essential extensions.
Graded versions of the well known results of Echmann,
Schopf, Baer, Bass, and Papp are proved in Theorem 3.4 and
Theorem 3.8. We round off by establishing equivalent
conditions for indecomposability of graded injective modules
(Theorem 3.11).

2. Preliminaries

Throughout this paper G is a multiplicative group with

identity ¢ and R = EG R, isa G-graded ring. The elements

U
f
* ot
R-modules are left R-modules and by R-mod we denote the
category of left R-modules. An R-module M is said to be

G-graded if M = _H-M

M, satisfying RgM¢ UM g forall o, 70G.

For any G-graded R-modules M and N, an R-linear map
fiM - N is said to be a graded morphism of degree
,70G, if f(Mg)UONgr for all c0G. By R-gr we

denote the category of G-graded R-modules and the
morphisms are taken to be the graded morphisms of degree e.

If f:M - N is a graded morphism of degree ¢ we say

that f is a gr-homomorphism. A submodule N of a G-graded
R-module M is said to be a graded submodule of M if

N= OEG(N NMg) | or equivalently, if for any xON the
homogenous in N. By
N <gr M we denote a graded submodule N of the graded
module M. If M OR-gr and K<gr M then by Zorn's
lemma there exist a graded submodule C of M which is
maximal with respect to K(1C =0 . The submodule C is
called a graded complement of K in M. We say that
MUOR-gr is gr-injective if for any gr-monomorphism
a:N - M and any gr-homomorphism B:N — L | where
N,LUOR-gr, there exists a gr-homomorphism y:M - L
such that =)@ . As in the ungraded one can easily observe
that a graded R-module M is gr-injective if and only if,

Ro are called homogeneous elements of R. All

o, for additive subgroups M o of

components of x are again
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whenever K<, N in R-gr, any gr-homomorphism

f:K - M can be extended to a gr-homomorphism
f’:N - M .

For details on graded rings and modules we refer to [5],[6],
while for details on extended injectivities of modules we refer
to [71,[8]

Lemma 2.1. (Baer criterion) A graded R-module M is
gr-injective if and only if whenever I is a graded left ideal of R,
every gr-homomorphism f:/ - M extends to a
gr-homomorphism f':R - M .

Proof. Similar to the proof of Baer's theorem in the
ungraded case, cf. [7] and [8].

Remark 2.2. The extension of fto f' in Lemma 2.1
means exactly to find an element m = f'(1) DM such that
xOLf(x)=f'(x)=x/'(1) and then
f(x)=x.m | thus to extend f to f' is equivalent to the
condition that f is just a right multiplication by an element
mOM (in such case we write f =[h). Moreover, since
I0R, and f' is then
£y =mOM, Oh(M).

for  every

graded of degree e

3. Graded Essential Extensions and
Graded Injectivity

If N is a graded submodule of a graded R-module M then N
is called a gr-essential submodule of M, or M is called a
gr-essential extension of N if N1 X #0 for every non-zero
graded submodule X of M. This state of affairs is denoted by

N <5% M . Obviously N <5 M if and only if for each

=8r =8r
0%#x in h(M) there exists an alh(R) such that
0ZaxOA(N).

In the next proposition we state and prove the graded
version of the well known basic properties of essential
extensions.

Proposition 3.1. Let M be a graded R-module

1) If K<g N<g M then K <G M if and only if
K <G Nand N<g™ M.
2) If K<g" N<g M&K <g" N/Sg M  then
ess.
KNK| gy N<gr NMIN,.
3) If aOHom R_gr(M,N) and KSZ,SFS' N<gp N, then

ol k) <& M

4) Let M O M., where M.<,. M for each i, and let
i 1~ &

K; =g M; foreachi. Then iHI K; S?FS' M if and only

if Ki sg,s' Mi for each i.
5) Let K<

<gr M . 1f C is a graded complement of K in M
then

Graded Essential Extensions and Graded Injective Modules

() KOC<g" M

() (KOC)/C<S3 M/C .

<gr
Proof. 1. Suppose that ngs,f-zv and ngs,,S-M. If
aOh(R)

0Zx0Oh(M) then there exists such that
0#axOh(N).But N<g’ M implies that 0 # bax Oh(M),
for some bUA(R) . This entails that K Segfﬁs' M .

Conversely, if K S?rs' M and 0ZmUOA(N) then there
exist cUA(R) for which 0ZcmUOA(K)O A(N) . Thus

N S?FS- M | since A(N) O (M), obvious.

2. We first observe that KK} Sgr NN, | Indeed,

KNK, =0%G[(KmvﬁMg)ﬁ(K1 NN NMg)]

HENKDNINANYNM ]
:UEG(KﬂKl)ﬂ(NnNI)U
0#xOA(NNN)) xOAh(N)  and

Now, if then

xUA(N}) . By assumption, there exist @ JA(R) such that
0#ax0h(K) . Since 0#ax0h(N)) (Note that XHA(N))

then axUA(N. 1) as NV 1 is an R-module) then there exists
bOh(R) such that 07#baxOA(K)) Obviously, 0% ba Oh(R)

and 0% baxOh(K) . Thus, 0#baxOMKNK))  or equivalently

ess.
KNK; <g" NON|,

3. We first claim that a_l(K)sng . Indeed, if

n -1 .
x= ;1 xg Ua (K), 0;0G for  each i, then
i=

@)= 3 (vg,)= 3 (@())g, . Since K Sgr V- o) =alalg, T
= =

for each i. Thus *g, Oa™! (K) for each i and we have done.

Let 0#x0AM) . If a(x)=0 then a@(x)=00K for
each aUA(R) . It follows that there exists »A(R) such
that 0 # hx Oh(a”}(K)). Butif @(x)#0 then it is obvious,

by hypothesis that there exist cOA(R) such that

0Zcex0 h(af_1 (K)) - This proves our claim.

it Ki ser M and

kOC/C<gr M/C | cf[5]. According to proposition 2.3.5
of [6], the proof of 4. and 5. is similar to the proof of lemma
1.1 and lemma 1.7 of [3].

Lemma 3.2. Every graded R-module M has a maximal

graded essential extension.
Proof. Let I be a gr-injective module containing M.

4. , 5. It is well known that

Let AN={N;};;; be a family of graded essential

extensions of M such that M S?,,S "N; <1, for every i[l1.

Suppose that A is linearly ordered by inclusion. Let
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r= j b JJ be a totally ordered subset of A. For every
Since M <gr N Jo then there exists @ OA(R) such that

ess.
0ZaxOM , thus M <gy jH]Nj. Hence jHJNj is an

upper bound for ' . Thus, by Zorn’s lemma, A has a
maximal element E. If E' is a graded R-module such that

M Sgﬁs' E' If EIJE" then, by the injectivity of I the
inclusion f:E — I can be extended to a gr-homomorphism

g E' 51 Obviously, M (1Kerg=0 , and since

M <3’ E' then Kerg =0. Thus g is a monomorphism. It

follows that E G E'Ug(E")<I which contradicts the
maximality of E in A . Therefore E is a maximal graded
essential extension of M.

Theorem 3.3. Suppose that G is finite. A graded R-module
M is gr-injective if and only if it has no proper gr-essential
extension.

Proof. Let M be gr-injective. Suppose that there exists

EUR = grsuch that M <eg§/s. E . By the injectivity of M, the

inclusion i:M — E splits in R-gr. Thus, there exists
NUOR-gr such that E=MUON , since M #E then
N#0.But N(NYM =0 which contradicts our assumption.
Conversely, suppose that M has no proper gr-essential
extension. By the graded version of Theorem 5.5.3 of [7],
there exist a gr-injective R-module I such that M O/ . Let S
be a graded complement of M in L. Proposition 3.1 entails that

MOMOS/S<g>1/S.

Define o:M0OS/S -1 by ox+8)=x if xOM .
Since I is gr-injective, O extends to a gr-homomorphism
og:1/S -1 Since Ker(G)N(M OS)/S=0 then

MOS)/S s?,f- a(l/S) ) By

M=0(/S)=0(M0OS/S) and since T is monic we get
I=MUS . Thus M is a direct summand of the gr-injective I
and hence M is gr-injective as claimed.

The following is the graded version of the well-known
result of Echmann, schopf and Baer, [8], [3].

Theorem 3.4. For modules M <[ in R-gr, the following
are equivalent:
1. Iis gr- maximal essential over M.
2. lis gr-injective and gr-essential over M.

3. 1is gr-minimal injective over M.

Proof. 1 = 2. Let M Sgﬁs I where 1 is gr-maximal. If

assumption,

I S?FS I} then, by 1. of proposition 3.1, M Sgﬁs 1, . Thus,

by maximality of I, { =1 1- Hence I has no proper gr-essential

extension. Therefore, Theorem 3.3 entails that I is gr-injective
module.

2 = 3. Let Il be a gr-injective module such that

M<g I} Sgp I Then 1 =1{UN for some gr-submodule

N<I.Since [jAIN=0, M <g. I; then NNM =0, we
must have N =0 (since MSZ;;S 1}), 0 I=1.
2 = 3. We claim that any graded module RM has a

graded maximal essential extension:

Fix a gr-injective module I such that M [0 I, and consider
any family of gr-essential extensions of M in I that are linearly
ordered by inclusion, Let P be a chain of this family, it is clear
that the union is an upper bound of this chain and the union is
also gr-essential over M. By Zorn's Lemma, it follows that we
can find a submodule E maximal with respect to the property
that M Sgﬂs E<gp I 1f 1 is a gr-minimal injective over M,

then there exists a maximal essential extension submodule E
over M such that M 0 E O . Using (1) = (2), we know
that E is gr-injective, and by minimality of I, E =1, thus I is
gr-maximal essential over M.

Definition 3.5. If the modules M <g [ satisfy one (and
hence all) of the equivalent properties of Theorem 3.4, we say
that / is a gr-injective hull (or gr-injective envelope) of M.

As we shall prove in Corollary 3.6 below; the gr-injective
hull of M is unique up to isomorphism. The gr-injective hull of

M is denoted by Egr(M) .

Corollary 3.6. Any two gr-injective hulls /,/' of M are
isomorphic over M; that is there exists a gr-isomorphism
g:1' - I which is the identity of M.

Proof. Let f:M —~ I, f:M - I' are gr-monomorphisms.
By injectivity of I, f:M — I extendsto g:1' - I andwe
have g is gr-monomorphism because
ker(g)N /(M) =ker(f)=0 and f(M)<g® I' then ker(g)=0
therefore g(/") is a direct summand of I and since every
direct summand of gr-injective module is gr-injective then
g(I") is gr-injective containing M, By (3) in Theorem 3.4
we have g(/")=1 and so g is surjective and hence
gr-isomorphism.

Corollary 3.7. 1. If I is gr-injective module containing M,
then I contains a copy of Egp(M) .

2. 1f M S?,,S N, then N can be enlarged into a copy of

Egr(M) in fact Egr(N) = Egr(M) .
Proof.
1. IfM Sg,s I such that T is a gr-injective module then
Egr(M)T 1 because Egy(M) is a minimal gr-injective

over M.
2. Ns<g® Egr(N) and M<g’ N then by 1. Of

Proposition 3.1 we have M <@ E,,.(N). On the other

hand, M <G Eq.(M) and  Eg.(M) is unique up to
isomorphism. Hence Egp(M)=Eg(N)-
In the following Theorem we prove the graded version of
the well known result of Bass and Papp Theorem [9]
Theorem 3.8. For a graded ring R, RR is gr-noetherian if

and only if every direct sum of gr-injective left R-module is
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gr-injective.
Proof. Let 9= iHI Qi be an internal or external direct sum

of gr-injective left R-modules Qi- By Baer's Criterion, for
every left gr-ideal U <R and every gr-homomorphism
P:U - O there exists a gr-homomorphism 7:R - O with
P=Ti where i:U - R is the inclusion mapping. Since

RR is gr-noetherian, U is finitely generated:
n
u=7y Rul.
i=1

The images A(;), i=1,2,3,...,n of the #; under P
have components different from zero for only finitely many of
the O;, say for the O; with {01/y where [ is a finite

subset of I. Let k- iDDIO Qi - iHI Qz‘ be the inclusion
mapping and let O, be the gr-homomorphism, induced by
the restriction of the domain of £ to iDDIO Qz’ then we have
P=ip  Since I, is finite, iDDIO 9 is gr-injective and there

exists a gr-homomorphism 7, so that the following diagram
is commutative:

I i

v
s

Bicr9;

Consequently we have P =i,0, i loi =Ti if we put
T=iT .

Conversely, consider an arbitrary chain of left gr-ideals

A1 < A2 < A3 <.
And let
[oe]
A= Az'
i=1

Now let /7; be the inclusion mappings

Graded Essential Extensions and Graded Injective Modules

n; Al 4 - I(4] 4;)
And let
[o0)
a:A- OI(A/ 4,)
i=1 !
be defined by

g
a(a) = 'Zl (a+Al.) allA

1=

Then follows that 77; =0 for i=n and consequently
A=4; for izn

Theorem 3.9. Let R be a graded noetherian ring, then any
graded injective R- module is a direct sum of indecomposable
graded injective submodules.

Proof. First we prove that any gr-injective module contains
gr-injective indecomposable submodule. Let

I=Eg(Ry), xOh(I)
Since R is gr-noetherian then it is easily checked that
Egr(Rx)  contains an

indecomposable  gr-injective

submodule. Now, for any gr-injective module RM , consider
all the families of all gr -injective indecomposable
submodules of M whose sum is direct. By Zorn's lemma there
a family {M;:i01} which is maximal, then
M=NO@;M;) for some N<grM . Since U;M; is
gr-injective by Theorem 3.8 and E is a direct summand of
gr-injective as well, then by the first part of the proof E must
contian an indecomposable gr-injective submodule which
contradicts the maximality of {M;:i0/}  thus E must be

zero. This proves our claim.
Corollary 3.10. Let N be a finitely generated module over a

exists

graded noetherian ring R. Then Egr(N) is a finite direct
sum of indecomposable gr-injective submodules.

Proof. By Theorem 3.9, £, (N)=0,M, where the Ml'.s
are indecomposable gr-injective. Since N is finitely generated,

we have i i, for suitable #>-in By
Theorem 3.7, this finite direct sum is gr-injective. Therefore,

by Corollary 3.7, we must have E

A nonzero graded module M is called graded uniform if any
nonzero graded submodules of M intersect nontrivially
(equivalently any nonzero graded submodule of M is

indecomposable). A graded ideal / <gr R is called graded

meet-irreducible if the cyclic graded module p(R/1) is
uniform.

Theorem 3.11. For any graded injective module M over a
graded ring R , the following conditions are equivalent:
1.  Mis gr- indecomposable.
2. M#0,and M = Egy (M") for any non zero graded

submodule M'< M .
3. Mis graded uniform.
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4. M=Eg (U) for some graded uniform module U.

5. M=FE ar (R/u) for some graded meet-irreducible ideal
uU<gr R.

6. M is strongly indecomposable, that is, Endg,.(M) is a

local graded ring.
Proof. 1) = 2) Direct consequence of Theorem 3.9 .
2) = 3) Clear, from the definition of graded uniform
module .
3) = 4) Obvious.
4) = 5)Let V#0 be a cyclic submodule of U. Since U

is graded uniform, ¥ <g°" U . Butthen V<G Eg,(U) by 1.

of Proposition 3.1, and this gives M = Eg;-(V') . We are done
by identifying V' with R /u for a (necessarily meet-irreducible)
right ideal # <gr R.

5) = 6) Here M =Eg-(U) where U =R/u is uniform.
If @ is a nonunit in £ =Endg-(p M) then kera #0 . (If
kera =0, then im(Q) Sgr M But im(a) OM injective,
so M =im(@)0A4 for some A#0. Both im(a@) and A

must intersect U nontrivially, contradicting the fact that U is
uniform.) Therefore, U Nkera #0.1f B is another nonunit

in E, then likewise U [\ker 8% 0 and we have
ker(a+ ) OU Nkera)N(UNkerB) 20 .

This implies that @+ is a nonunit in E; hence E is a
local ring.

6) = 1) If E is a local ring, it does not have nontrivial
idempotents

4. Conclusion

Along the proofs of the results of this paper one can easily
discover that the iterated use of essential extensions of graded
modules seems to deserve further development. For instance,
using Theorem 3.11, it is quite possible to prove the graded

version of the important well known theorem of Matlis which
states that : If R is either a commutative noetherian ring or a
right artinian ring then there exists a bijection between the set
of isomorphism classes of right indecomposable injective
R-modules and the set of all prime ideals of R .On the other
hand , one can also try to compute the graded injective hull of
cyclic non-free graded modules and graded modules over
graded noetherian rings which are not PID.Finally, the results
of this paper enable us to study the graded extended
injectivities of graded modules such as Soc-injectivity ,
Rad-injectivity, and almost injectivity, cf. [1],[2],[4]. However
this is not the aim of this paper, it will be the topic of some
forthcoming work.
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