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Abstract: By transforming the boundary value problem into the corresponding fixed-point problem of a completely 

continuous operator, the existence is obtained in the paper for two-point boundary value problem of fourth order 

superlinear singular semipositone differential system via the fixed point theorem concerning cone compression and 

expansion in norm type. 
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1. Introduction 

In this paper, we study the following superlinear fourth 

order singular semipositone differential system 
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subject to the boundary conditions  
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where 

,21 <≤ λ f and ) ,0[) ,0[) ,0[)1 ,0(: ∞+→∞+×∞+×g are 

continuous and may be singular at .1 ,0=t p and )1 ,0(: q  

) ,( ∞+−∞→ are Lebesgue integrable. 

The method is fixed point theorem concerning cone 

compression and expansion. For the concepts and property 

of fixed point index theory we refer to [1]. 

Recently, the existence of positive solutions for nonlinear 

singular semipositone boundary value problems has been 

studied extensively, see [2-6]. However, the results are 

seldom for fourth order superlinear singular semipositone 

differential system boundary value problem. In the previous 

literature, a great deal of work was devoted to the case 

that f and g are nonnegative and have no singularities 

or 0)(,0)( ≡≡ tqtp , see [7,8]. When f and g are allowed to 

change sign, singular and ,0)(,0)( ≡≡ tqtp [9]obtained the 

existence of positive solutions for nonlinear three-point 

boundary value problems. Under the given conditions that 

f and g are nonnegative, singular and ),(tp )(tq change 

sign, [10] obtained the existence of positive solutions for 

two-point boundary value problems. Motivated by [6,10],  

we study the existence of positive solutions for the two- 

point boundary value problem of fourth order superlinear 

singular semipositone differential system by using the fixed 

point theorem concerning cone compression and expansion 

in norm type in the paper.  

2. Preliminaries 

Let )];1,0([)];1,0([ RCRCX ×= be a real Banach space 

equipped with for any Xvu ∈),( , 

vuvu +=),( , )(max
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where R is a real number set.  

Let us define a cone P of X by 

{ }.]1 ,0[,)1()( ,)1()() ,( ∈∀−≥−≥∈= tytttyxtttxXyxP

Next we introduce Green’s function to 0)0( =′′u  subject  

to boundary condition ,0)1()0( == uu  
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For any ],1 ,0[Cy ∈ let us define a funtion by 
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For the convenience, in this paper we make the following 

assumptions:  

)( 1H There exist constant )4,3 ,2 ,1(,1 =>> iii µλ  such 
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satisfies (1.1), (1.2) and ),1 ,0( ,0)( ,0)( ∈∀>> ttytx then 

we call that ),( yx is a positive solution of BVP (1.1), (1.2). 
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By direct computation, we know that )(1 tw  and )(2 tw  

are positive solutions of the following BVP: 
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respectively. 

We consider the following ordinary differential system 
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It is known that ]1 ,0[())1 ,0(]1 ,0[(),( 242 CCCyx ×∈ ∩  

))1 ,0(4C∩ is a solution of system (2.3) if and only if 

]1 ,0[]1 ,0[),( CCyx ×∈ is a solution of the following 

nonlinear integral equations system 















+−

−=

+−

−=

+
∗∗

+
∗∗

∫ ∫

∫ ∫

  ,d)]())]()([,)](           

 )([ ,([s) ,(d) ,()(

 ,d)]())]()([,)](           

  )([ ,([) ,(d) ,()(

21

1 

0 

1

0

21

1 

0 

1

0

ssqswsysw

sxsgGtGty

sspswsysw

sxsfsGtGtx

λξξξ

λξξξ

  (2.4) 
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Define a nonlinear integral operator ,: XXF →  by 

)).,(),,((),( yxByxAyxF = Thus, system (2.4) is equivalent 

to the fixed point equation ),(),( yxyxF =  in the Banach 

space ).];1 ,0([)];1 ,0([ RCRCX ×=  

The proof of main results will be based on the following 

lemmas. 

Lemma 2.1. Let 1Ω  and 2Ω  be two bounded open 

sets in Banach space E  such that ,1Ω∈θ .21 Ω⊂Ω :A  

PP →ΩΩ )\( 12∩  is a completely continuous operator. 

Suppose that one of the two conditions holds 
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i.  ,uAu ≤ ;1Ω∂∈∀ ∩Pu ,uAu ≥ .2Ω∂∈∀ ∩Pu  
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Thus, ),,( yxtf is nondecreasing in ). ,0[ ∞+∈x  

In the same way, we know ),,( yxtf is nondecreasing in 

).,0[ +∞∈y ),,( yxtg are nondecreasing in ),0[, +∞∈yx for 
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Lemma 2.3.
[10]  

If ),( vu with ),()( 1 twtu > )()( 2 twtv >  

for any )1,0(∈t is a positive solution of system (2.4), then
 

) ,( 21 wvwu −− is a positive solution of the semipositone 

singular differential system (1.1), (1.2). 

Lemma 2.4. Suppose that )( 1H , )( 2H  hold , Then :F  

PP → is a completely continuous operator. 
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Consequently, for any ],1 ,0[∈t we have  
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In the same way, we also have .))(,( +∞<tyxB Thus :F  

XP → is well defined. 

There exists a ]1,0[1 ∈t such that 
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In the same way, there exists a ]1 ,0[2 ∈t such that  

) ,())( ,( 2 yxBtyxB = . 

Using the same way as the above proof, we also have 

. ) ,()1())( ,( yxBtttyxB −≥  

Then, PPF ⊂)( . 

By proceeding as for the proof of Lemma 2.4 in [10], :F  

PP → is a completely continuous operator. 
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3. Main Result 

Theorem 3.1. Suppose that )(),( 21 HH are satisfied, then 

two-point boundary value problem (1.1), (1.2) has at least a 

))1 ,0(]1 ,0[())1 ,0(]1 ,0[( 4242 CCCC ∩∩ × positive solution. 

Proof. Choose 1R  such that 
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As a consequence,  
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In the same way, Ltwty ≥− )()( 2 . 

2. One of x and y is ,2R without loss of the generality, 
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As a consequence, by lemma 2.1 F has at least one fixed 

point )\(),(
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positive solution of the boundary value problem (1.1), (1.2) 
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