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Abstract: By transforming the boundary value problem into the corresponding fixed-point problem of a completely
continuous operator, the existence is obtained in the paper for two-point boundary value problem of fourth order
superlinear singular semipositone differential system via the fixed point theorem concerning cone compression and

expansion in norm type.
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1. Introduction

In this paper, we study the following superlinear fourth
order singular semipositone differential system

{x“”(r) =M (.30, 2(0) + (1), W
¥y (@) = Ag(t, x(0), (1) + q(1), t0(0,1),
subject to the boundary conditions
{ x(0) =x(1) = x',',(O) = x':,(l) =0, 12
»(0) =y(1) =»"(0) = y"(1) =0,

where

1<A <27 f andg:(o,l)x[0,+oo)x[0,+oo) - [09+00) are

continuous and may be singular at ¢ =0,1. pand ¢:(0,1)
— (—o0, + c0) are Lebesgue integrable.

The method is fixed point theorem concerning cone
compression and expansion. For the concepts and property
of fixed point index theory we refer to [1].

Recently, the existence of positive solutions for nonlinear
singular semipositone boundary value problems has been
studied extensively, see [2-6]. However, the results are
seldom for fourth order superlinear singular semipositone
differential system boundary value problem. In the previous
literature, a great deal of work was devoted to the case
that /" and g are nonnegative and have no singularities

or p(t) =0,q(¢t) =0, see [7,8]. When f and g are allowed to

change sign, singular and p(¢) =0,q(¢) =0, [9]obtained the
existence of positive solutions for nonlinear three-point
boundary value problems. Under the given conditions that
f and g are nonnegative, singular and p(¢), q(¢) change
sign, [10] obtained the existence of positive solutions for
two-point boundary value problems. Motivated by [6,10],
we study the existence of positive solutions for the two-
point boundary value problem of fourth order superlinear
singular semipositone differential system by using the fixed
point theorem concerning cone compression and expansion
in norm type in the paper.

2. Preliminaries
Let X =C([0,1]; R)*xC([0,1];R) be a real Banach space
equipped with for any (z,v)J X ,

[l = o] +M -l = maxfucf b = max|ve)

where R is a real number set.
. Let us define a cone P of X by

P={(x, ») DX|x(0) 2 11~ )], y(6) 2 11 - 1)y{, 0 Do, 11}
Next we introduce Green’s function to#"(0) =0 subject

to boundary condition u(0) =u(l) =0,

s(I-¢1), 0ss<t<l,

2.1)
t(l-s), 0st<s<l.

G(t,s) = {
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For any y 0 C[0,1], let us define a funtion by

y(@®), y®=z0,

0, y() <0. 22)

()] = {

For the convenience, in this paper we make the following
assumptions:
(H,) There exist constant A, >, >1,(i =1,2,3,4) such

that, 0(¢, x, ) 0(0,1) X[0, + ) [0, + ), and ¢[(0,1),
Mt x, y) < [t ex, y) S P f(E X, ),
M f(t,x,y) S f(t,x,cp) S (1, x, p),
Mgt x,y) < g(t,ex, y) < g1, x, y),
M g(t,x, y) < g(t,x,cp) € P g(t, x, ).
(H,)

1 1
[ p-)as=>0. [ g-(s)ds =55 >0,
[ GG 10+ putlas = <,

[ Gl L1+ g (001 =, <

f@,0.)>0, f(t,1,0)>0, g(,0,1)>0,
g(t,1,0)>0, Or0O(0,1).

1 1
j G(s,5) f(s,1,1)ds andj G(s,5)g(s,1,1)ds are convergent.
0 0

max {ry, 7y} < "L, m > 1, where
n=max{r,r}, m=max{d + A, A + A},
P+(s) =max{p(s),0}, p_(s)=max{-p(s),0},
q.+(s) = max{g(s),0}, g¢_(s) =max{=g(s),0;}.

If (x,»)0(C*[0,1]NC*(0,1)x(C*[0,1]NC*(0,1))
satisfies (1.1), (1.2) and x(¢) >0, y(¢) >0, 0¢(0,1), then
we call that (x, y) is a positive solution of BVP (1.1), (1.2).

Let

1 1
(0= 66| G(Ep-(5)ds,

1 1
() = [ G, OdE[ GE.5)g-(5)ds,
By (H,) we have

1 1
w0 = [ G AE[ G(Ep-(s)ds < +oo

0= [ G 4E] G )g-(5)ds <+

By direct computation, we know that w,(¢) and w,(¥)
are positive solutions of the following BVP:

u® @) =p_(r), 0<t<],
u(0) =u(l) =u"(0)=u"(1) =0,

and
-W0)=¢.0), 0<t<1,
v(0) =v(1) =v"(0) =»"(1) =0,
respectively.
We consider the following ordinary differential system
(@) = 4 (0, [x(0) = w (O],

[(6) = wy (O] + p. (£),
YO () = Ag(t, [x(2) - wy (1),
[y(0) =wy()]) + .. (1),
x(0) = x(1) =x"(0) = x"(1) = y(0)
=y()=»"(0)=»"1)=0

2.3)

It is known that (x, y) 0(C?[0,1]NC*(0,1)) x(C?[0,1]

NC*(0,1)) is a solution of system (2.3) if and only if
(x,y)0C[0,1]%xC[0,1] is a solution of the following
nonlinear integral equations system

1 1
x() = [ G, e[ GE A (5. [x(9) -

W ()IL0(8) = w,y ()] + py(5)1ds,

1 1
30 = [ G(t.HIE| GENA s [x(5) -
wi()]SL(s) = wy ()19 + ¢4 ()1ds,

(2.4)

Let
1 1
Ax, )0 = [ 6. O] GE SN G

[x(s) = w ()] [1(s) = w (5)]7)
+p, (S)]dS,

1 1
B, 0 = [ Gt HdE[ GE g,

[x(5) =W ()] V() = wy ()])
+q.(s)]ds,

Define a nonlinear integral operator F:X - X, by
F(x,y) =(A(x,y),B(x,y)). Thus, system (2.4) is equivalent
to the fixed point equation F'(x,y) = (x,y) in the Banach
space X = C([0,1]; R)xC([0,1]; R).

The proof of main results will be based on the following
lemmas.

Lemma 2.1. Let Q, and Q, be two bounded open
sets in Banach space E such that d0Q, Q,0Q,. 4:
PN(Q,\Q,) - P is a completely continuous operator.
Suppose that one of the two conditions holds
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| 4u| < |, CuDPNOQy; |[Au| 2 |u], Du D PNOQ,.
i, |Au| 2 |uf, 0uOPNOQ; |Au| <|uf, Ou O PNOQ,.

Then 4 have a fixed pointin PN (Q, \ Q).

If f(¢,x,y) and g(¢,x,y) satisfy (H)),
(H,), then f and g are nondecreasing in both x, y [J[0,+0)
for any fixed 7 J(0,1), we have

Lemma 2.2.

AUS ). m LExD)
A |(x ¥)| y*+°° o)
y2
i g(t,x, M oo, fim LY
xr|(x, )| B €0 ’
y= x=20

where |(x,)| = |x| +[3]

Proof. For any fixed ¢ [1(0,1),0 < x; < x,, it follows from
(H,) that

St x,y)=f(, xz:)’)

2
Q?VV@QJKf@hJL
2

Thus, f(¢,x, y) is nondecreasing in x [J[0, + o).

In the same way, we know f(¢,x, y) is nondecreasing in
y[0[0,+00). g(¢,x,y)are nondecreasing inx,y [J[0,+) for
any fixed z [1(0,1).

On the other hand, for anyx >1,y =0, it follows from

(H,),when x>y, we have

f(txy) _ [(t.x,y)
e
ﬁﬁ
XIELY S L owt1,0)> 0,
2x
when x < y, we have y >1 and
f(txy) _ [(t.x,y)
e
Hy 1
M ,Uz f(t 0,1)>0,
2y
Therefore, we obtain  lim Jxy) y)
e |y
yz
In the same way , we have
fim LO5D) _ gy BB
y=so|(x, p) v |(x, p)
x20 y2
gty _ o
y=¥o |, )

Lemma 2.3.M"% If (u,v) withu(r) > wy (1), v(t) > w, ()
for any ¢ [1(0,1)is a positive solution of system (2.4), then
(u—w,,v—w,)is a positive solution of the semipositone

singular differential system (1.1), (1.2).
Lemma 2.4. Suppose that (H,),(H,) hold, Then F':

P - P is acompletely continuous operator.
Proof. For any fixed (x, y) O P, choose 0 < a,b <1, such

that dlfx| <1, by <1, then
alx(t) —w, (t)]D <ax(t) < a"x" <1,
(O =wy (O < by < By <1.
Hence, by () we have
[ Ix(@) = w O () = wy (O]
< aM AR o | £ ).

Consequently, for any ¢ (1[0, 1], we have

1! O
A@JMHSZLGGJHMUJMS-M@H,
[1(s) = wy (5)]7) + . (s)1ds
1! _ _
< Z-[O G(s,5)[Aat~hpHa = x"'u1 ||y
F(s,L,1)+ p.(s)lds
< LAt A )0

/JZD

[ G 907611+ pus)lds <en

In the same way, we also have B(x, y)(¢) < +c. Thus F':

P - X is well defined.
There exists a ¢ 0[0,1] such that

ACx, )(t) =] ACx, )|

Since G(t, s) 2 t(1-1)G(t,, s),0¢, s O[O0, 1], then, we have

A )02 10-0[ 6, €3¢ [ G0

[Af (s, [x(s) = wy ()17 [1(s) = w, ()17
+ p.(s)lds
2 A(x, y)()e(1=1) = t(1=1)]|A(x, y)|-

In the same way, there exists a ¢, J[0, 1]such that

B(x, )(1,) =|BCx, )] -
Using the same way as the above proof, we also have
B(x, y)(®) 2 t(1=1)|B(x, ).
Then, F(P)OP.
By proceeding as for the proof of Lemma 2.4 in [10], F:
P - Pis acompletely continuous operator.
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3. Main Result

Theorem 3.1. Suppose that (H,),(H,) are satisfied, then
two-point boundary value problem (1.1), (1.2) has at least a
(C?[0,11N C*(0,1)) x (C?[0,1]N C*(0,1)) positive solution.

Proof. Choose R, such that

max{r,n,1} <R < m‘\l/%
Let
w =l DAl <R <&}

||z|| = max{"x", || y||}, then O(x, y) O P 0Q &, » We can obtain
||z|| >1 and

[ e, (0] = ACe, )0 +[Blx, )0
1 1
<|[ 6. €[ GE SN (s.x(5), y(s)>+p+(s)]ds‘

(S)]dS‘

A +A

< —U GE& A" (5.1, 1)+p+(s)]ds‘

A+,

IR

g(s, 1, D+ ‘]+(S)]ds‘

A +A

< i“llzll ) L‘G(S, SLf (s, 1,1)+ p(s)]lds

1 N 1
+ 2l + D] Gls. 95,1, + g, (s
0
1 m 1 m
SZ(A"z" +1)r2+z(/]||z|| +1)r,

< %(ﬁrlem_lRl +R)) +l(/1”4R1m_1R1 +R)

S TR R+ R)+ (R +R)

1
<Ler)+i@Rr)=R,
;GRS CR) =R,

As a consequence,
|7 Ge [ <+ 1o = e s Oe ) DPNOQy,.
We choose constant L, M such that

v >2paia-prs-ax min [“6e o,
Ma. Bl a
L>R,.

From Lemma 2.2, whenx = L,y 2 0, we have

PAUEIIIN
It
thatis, f(¢,x,y) =2 M|(x, y)|.
In the same way, whenx =L,y =0, we have g(¢,x,y)
= M|(x, y)|, (where[a, B10(0,1) ).

R
,then R, >L>R,, thus—<1.

Choose R, > _AL
3a(1-p) R,

Let
Qp, =060 0P < Ry, o] < Ro}

Then O(x, y) D P0Q,, ||x|| and ||y|| have at leasta R,.
Noticing that

1 1
(0= [ G OHAE[ GEs)p-(s)ds

1
< %t(l - t)J'O p_(s)ds < %t(l -0,

In the same way, w,(f) < %t(l —0)r.
1. Both”x” and”y” are R,,
x(£) —w () =2 x(¢) —lt(l -

t(l HR, = x(1) - x(t)

3
> x(t) —%x(t) > Zt(1 -1)|
2

2 x(t) -

> %a(l -B)R, = L.

In the same way, y(t) —w, (1) =2 L.
2. One of ||x|| and || y|| is R,, without loss of the generality,

let||x]| = R,, we have x(¢) = wy (1) 2 L, and [ y(£) = wy ()72 0.
This together with Lemma 2.2 yields

|F(x, p)(@0)] =] ACx, )(0)] +[B(x, y)(@)
> j ? 6. 6)dE j ? GE.s)M O
() = w1 (), [3(5) = ()
g B
+ j sa, E)d{L G(&,)AM [
() = w1 (), [(5) = ()
B g
> j UG, 6dE L G(&,5)AM]x(s) = wy(s)|ds
g B
+ j “a {)d{L G(&,5)AM]x(s) = w,(s)lds
> 2 M@ (1= pR R -] Gt 13
+ %AMaz(l - B)R,(B - a)jﬁG(t, &)dé
>R, + Ry, DtO[a, B, O(x, ») TP N0Q,

Thus,
IFce 2 o =l ok D) D PNAR,,.



Pure and Applied Mathematics Journal 2013; 2(6): 179-183 183

As a consequence, by lemma 2.1 F has at least one fixed ear semipositone BVP’s[J], Pro Amer Math Soc, 1996,
point (xg, o) PN (Qp, \Qp ) with R, < x| < R,, and 124(3): 747-763.
R < " " <R [3] Agarwal R P, O’Regan D, A note on existence of nonnegative
1= [Yoll = %2 - solutions to singular semipositone problems[J], Nonlinear
Hence, for any ¢ [1(0,1), we have Anal, 1999, 36(5): 615-622.

_ [4] Xu Xian, Positive solutions for singular semipositone
X () =w (1) boundary value problems[J], ] Math Anal Appl, 2002,273(2):

1 1 480-491.
2 ol -0~ [ 6. 0de[ G(&5)p-(s)ds
0 0 [5] Zhang Xinguang, Liu Lishan, Positive solutions of
1 superlinear semipositone singular Dirichlet boundary value
2 ||x0||’(1")‘zf(1‘f)r1 >0, Dr0(o,1). problems[J], ] Math Anal Appl, 2006, 316(2): 525-537.

[6] Zhang Xinguang, Zhao Zenqin, Positive solution of fourth
order singular semipositone boundary value problem[J], J
Systems Sci Math Sci, 2006, 26(5): 553-560.

In the same way, we have

Yo(6)=wy (1) >0, e (0, 1),
[71 Fink A M, Gatica J A, Positive solutions of second order

It follows from lemma 2.3 that(x, —w;,y, —w,)is one systems of boundary value problems[J], ] Math Anal Appl,
" . 1993, 180(1): 93-108.
positive solution of the boundary value problem (1.1), (1.2)

in (CZ[O, 1N ct (0,1)) X (CZ[O, 1N C4(O, 1). [8] Agarwal R P, O’Regan D, A coupled system of boundary
value problems[J], Appl Anal, 1998, 69: 381-385.

[9] Xu Xian, Positive solutions for singular semipositone three-

References point systems[J], Nonlinear Anal, 2007, 66: 791-805.

[10] Liu Lishan, Zhang Xinguang, Wu Yonghong, On existence of
positive solutions of a two-point boundary problem for a
nonlinear singular semipositone system[J], Appl Math
Comput, 2007, 192: 223-232.

[1] Guo Dajun, Lakshmikantham V, Nonlinear problems in
abstract cones[M],San Diego: Academic Press,1998, 24-56.

[2] AnuradhaV, Hai D, Shivaji R, Existence results for superlin-



