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Abstract: A method for time-frequency analysis is given. The approach utilizes properties of Gaussian distribution,
properties of Hermite polynomials and Fourier analysis. We begin by the definitions of a set of functions called Harmonic
Gaussian Functions. Then these functions are used to define a set of transformations, noted 7;,, which associate to a
function 1, of the time variable t, a set of functions W, which depend on time, frequency and frequency (or time) standard
deviation. Some properties of the transformations 7, and the functions W), are given. It is proved in particular that the square
of the modulus of each function ¥, can be interpreted as a representation of the energy distribution of the signal, represented
by the function v, in the time-frequency plane for a given value of the frequency (or time) standard deviation. It is also shown
that the function 1P can be recovered from the functions W,,.
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The mean values u, and p, of time and frequency

1. Introduction associated to the function i are

The time-frequency analysis is an important field of study 1 1 5

and has many important applications. In this analysis, a main U = Ef tlp)|%dt U, = Ef w|17j(w)| do (1.3)
purpose is to have a good representation of a signal and/or
the distribution of its energy both in time and frequency.
Because of the uncertainty relation, it is not possible to have
a rigorous representation of the time-frequency distribution
of the energy of a signal at any scale of resolution in time 1

and frequency. Let 1 be a function, of the time variable ¢, g = Ef(t —u)? W (®)|? dt (1.4)
which represent a signal and let 1) be the Fourier Transform

of P

The time and frequency standard deviations are

1 ~ 2
- 1 +o ot o, =\/— (w—uw)2|1p(w)| dw (1.5)
Y(w) = —mf_m Y(t) e ' tdt (1.1a) Ef

1 [(+® _ ) Using properties of  Fourier transform  and
Y(t) = Ner f P(w) et dw (1.1b)  Cauchy-Schwarz inequality, it may be shown that we have
- the inequality
The variable w = 2nf is the angular frequency (if f is 1
the frequency). We will use w as the frequency variable. 0,0, == (1.6)
The energy E of the signal is defined by the relation 2

+00 +oo 5 The inequality (1.6) is the uncertainty relation between
E =J. [P dt =f [P(w)| dw (1.2)  time and frequency.
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Many attempts have been done to formulate methods to
give a good solution to the problem of time frequency
analysis. Most of those methods can be considered as based
on the use of bilinear time-frequency distribution or
short-time Fourier transform [1], [2], [3], [4], [SL[6].
Wavelets transforms can also considered as related to the
time frequency analysis [7].

One of the well known bilinear distribution which can be
considered is the Wigner-Ville distribution [8],[9], [10],[11].
In signal analysis, the Wigner-Ville distribution may be
defined as the function of the two variables time ¢ and
frequency w, associated to a function 1y of the variable ¢t
by the relation

Wy (t, w) = %J;:nl/)* (t - %) P (t + %) e dy

1 +oo _ E _ E )
= — * — = 2 iét

A (a) 2)¢ (a) + 2) eltds (1.7

where 1) is the Fourier transform of 1.

If E is the energy of the signal represented by the function

1 as defined in the relation (1.2), we have the relations

E:f |¢(t)|2dt=f [F(@)] do  (1.8a)

+oo +o
= f f Wy (t, w) dtdw (1.8b)

The relations (1.8a) and (1.8b) suggest that the Wigner
-Ville distribution may be interpreted as the density of the
energy of a signal in the time-frequency plane. But it can be
shown that the function W, as defined in the relation (1.7)
is not positive definite. In fact, using Cauchy-Schwarz
inequality in the space L2 of Lebesgue square-integrable
functions and the relations (1.7) and (1.8a) we can deduce
the inequality

< E E < < E 9
|Wy, (¢, w)| < —o ——< Wy (t, ) < — (1.9)

This propriety of the Wigner-Ville distribution doesn’t
allow to interpret it easily as a good representation of the
energy density. Depth studies on the Wigner-Ville
distribution and its properties have been done by many
authors to give solutions to this problem, as example of
solution is the introduction of smoothing methods which
reduce the amount of negativity.

As mentioned previously, another method used in the
time frequency analysis is the short-time Fourier transform.
For a signal represented by a function 3 of the time variable

t, a short-time Fourier transform W of 1 may be defined
by the relation

1 [+ .
Y(T,Q) = Ef () g*(t — Te~dt (1.10)

The function g is the window function. g(t) has
significant values in the vicinity of t = 0 and tends to zero

outside this range. We have the relation
+0oo +o00 +co +oo
f f (W (T, Q)2 dTd = f f [W(©)g(t — T)I2dT dt

so if the window function g satisfies the relation

+ oo
| lge-mrar=1
we have

400 400 +oo
f f I‘P(T,Q)Iszdﬂzf W@®12dt=E (1.11)

According to this relation, the square of the modulus
[¥(T,Q)|?> of the short time Fourier transform may be
interpreted as a representation of the energy density of the
signal in time-frequency plane. And unlike the case of the
Wigner-Ville distribution, it is a positive definite distribution.
A special case of short-time Fourier transform is the Gabor
transform in which the window function g is a gaussian
function

g(t) =21/t~ (1.12)

If we introduce the Gabor function
o(t, T, Q) = g(t — T)et = 21/4e-m(t=T?pi0t (1 13)

a Gabor transform of a function 1 may be defined by the
relation

1 +oo
W(T,Q)zﬁf o (6, T, DY) dt  (1.14)

In this paper, we tackle the problem of time-frequency
analysis with the introduction of a set of transformations,
noted 7;, (n € N), which associate to a function Y of the
time variable t a set of functions W¥,, which depend on time,
frequency and frequency (or time) standard deviation. We
show that the square of the modulus of each function ¥,
may be interpreted as a representation of the time-frequency
distribution of the energy of the signal corresponding to the
function i (relations (4.9) and (4.10)). Then we show that
the function ¥ can be recovered from the functions ¥,
(section 5).

For the definitions of the transformations 7, , we
introduce a set of functions {¢,} that we will call harmonic
Gaussian functions. In a certain point of view, the functions
@, may be seen as generalizations of Gabor functions and
as generalizations of Gabor
transformations. However, our results show obviously that
there are differences between our method and the Gabor’s

the transformations 7,

one. Compared to the Wigner-Ville distribution, the energy
distributions that we introduce in our method has the
advantage to be positive definite.
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2. Harmonic Gaussian Functions

For positive integers n, let us define a set of
orthonormalized functions denoted ¢,, such as

4 (t —T)
n t-T\? .
on (T, 0 At) = — V2B ~(5p) +ioe

(2.1)
2nnlV2rAt

+ o0
f @ @6, T, Q,A) 0, (t, T, Q,At)dt = 6y (2.2)

in which H,(x) is Hermite polynomial of degree n.
Useful properties of Hermite polynomials are recalled in the
appendix A. The set of functions {@,},ey 1s an orthonormal
basis of the vectorial space L? of Lebesgue square
integrable functions.

By taking into account the relations (A.6) and (A.7) in the
appendix A, we may establish easily the relations

400
f tlon(t, T, Q,A0) > dt =T (2.3)

fm(t —T)%|p,(t, T, Q,A)|* dt = (2n + 1)(At)? (2.4)

According to the relations (2.3) and (2.4), we call T the
temporal mean value, (At,)? = (2n + 1)(At)? the time
variance and At,, the time standard deviation corresponding
to @y,.

According to the result given in the appendix B, the
expression of the Fourier transform @, of the function ¢,

1S
w—Q
ian( ) o2
(@, T, 0, Aw) = —— N2/ ~(355) -ir@ -0 5)

2'n!V2rAw

in which Aw is related to At by the relation

1
AtAw = —

. (2.6)

From now on, we assume that the relation (2.6) is always
fulfilled by At and Aw.

As for the case of ¢,,, we may establish in the case of @,
the relations

+oo
f G (@, T, Q, A0) Py (0, T, Q, Aw)dw = 6y 2.7)

+00
f w|Pp(w,T,Q,Aw)|* do = Q (2.8)

f+w(w — 0@, (0, T, Q,Aw)|?dow = 2n + 1)(Aw)?(2.9)

According to the relations (2.8) and (2.9), we call Q the
frequency mean value, (Aw,)? = (2n+ 1)(Aw)? the
frequency variance and Aw, the frequency standard

deviation corresponding to @,,.

Because of the similarity between the expression (2.1) of
a function ¢, and the expression of wave functions of a
linear harmonic oscillator in quantum mechanics [12], we
will call a function ¢,, a Harmonic Gaussian Function of
degree n”. According to the above results, a Harmonic
Gaussian Function is characterized by its time mean value T,
its frequency mean value Q, its time variance (At,)? =
(2n + 1)(At)? and its frequency variance (Aw,)? = (2n +
1)(Aw)?. At and Aw are related by the relation (2.6).

3. Representations of a Signal with
Functions Defined in the
Time-Frequency Plane

Let ¥ be a function of the time variable t which
represent a signal, 1 is an element of the space L2 of
Lebesgue square-integrable functions. Let be 1) the Fourier
transform of ¥, 1 is an element of £? too. We denote F
the functions space generated by functions ¥ defined in the
time-frequency plane i.e. functions of the two variables T, ()
and which is Lebesgue square-integrable in the
time-frequency plane P = {(T, Q)}

+00 400
f f [W(T,Q)|?dTdQ =K < 4 (3.1)
For a positive integer n, let be 7;, the application of £2
to F defined by
T L2—>TF

S Y, (T,Q,A0) = \/%f+w<p;(t, T,Q,A)Y(t)dt (3.2)
mTJ-x

1 teo ~
= Ef @n(w, T,Q,Aw)P(w) dw(3.3)

In the relations (3.2) and (3.3), the function ¢;, is the
complex conjugate of the harmonic Gaussian function ¢,
defined in the relation (2.1) and the function @, is the
complex conjugate of the Fourier transform @,, (relation 2.5)
of the function ¢,,.

Theorem 1
The transformation 7, is linear

vy, ¢p € L%, VAu €EC:

T + puep) = AT, () + uTn($) (3.4)
Proof
Using the relation (3.2), we have
Tl + u) (0]

1 [+
=Ef O (6, T,Q, A0 [Ap(8) + pp(D)] dt
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A +oo
= \/ﬁf on(t, T, Q,At)p(t)dt

+oo
+ \/%f on(t, T, Q,At)p(t)dt

= AT, [Y ()] + uT,[¢(0)]
= LAY + ud) = AT, () + uT,(P)

According to the definitions of the transformations 7;,, a
function ¥, may be considered as a time-frequency
representation of the signal corresponding to the function 1
for a given time resolution characterized by the time
standard deviation At, =./(2n+ 1) At and for a given
frequency resolution characterized by the frequency
standard deviation Aw, = ,/(2n+ 1) Aw. At and Aw are
related by the relation (2.6). The next section gives more
justification to this point of view.

4. Representations of the Energy
Distribution in the Time-Frequency
Plane

We consider a signal represented by the functions 1,
and W, as defined in the previous section. The energy E of
the signal is given by the relations

E=f |1/)(t)|2dt=f ()|’ do  (4.1)

In this section, we prove that the square of the modulus of
the function ¥,, for a given n € N may be interpreted as a
representation of the distribution of the energy of the signal
in the time frequency plane at a given scale of resolution
characterized by frequency (or time) standard deviation.

Theorem 2
Let us consider the functions

+oo
pn(T, At) = f |Lpn(T, Q, Aa))|2 dQ (4.2)
+00
P, Aw) = f (T, QA0)2dT  (43)
We have the relations
+00
po(T,AE) = f a6 T, QL AD RO 2t (44a)
= s
+00 n\ T =.. t—-T
\/EAt _(_> 2
= | L2800 TEd) |y(o)|2dt (4.4b
.f_oo 2'n!V2mAt |1/)( )l ( )

pu@.00) = | 10,70, 00 @) do (450)

(Sl

+oo _( w—n)z
= e W2hw w)|*dw 4.5b
J;oo 2"V 2rAw ()] ( )
Proof
To prove the relations (4.4a) and(4.4b), we use the

relation (3.2), then we have

+00
po (T, A) = f W, (T,Q,At)[? dQ

1 + © ~+00
s [f J- f en(t, T, Q,At) @ (t', T, Q, At)
Y)Y ()] dtdt'dQ
+00 1 [+®
N {f f [ﬁf Ou(t, T, 0, AL) @5, (¢, T, 0, AL)dQ)]

YOy (¢)} dedt’

We have for the Q integration

1 +oo
P f on(t, T, Q,At) @ (t', T,Q,At)dQ

dQ

WD) i

o) — r_ iQ(t—t’

— f+ "\V2Ae V2At) (5ar) +(t2AtT) ﬂ
—oo 2nnl\2TAt 27

t—T t'—T ,
)

in which §(t —t") is the Dirac’s distribution

= p, (T, At)
t'=T
- +°° f ) () (G ()

2At 2At

\/_ At
20! \2 At

YO (tH8(t — t")]dtdt’

(el
"\ V2At
2"'n!+\/2mAt

= f - e 35 o rar
- f l0n (6, T, 0, A2 [ (0|2 dt

The proof of the relations (4.5a) and (4.5b) may be
obtained by analogy.
The relations (4.2) and (4.3) lead to the relations

+00 +o
f f ¥, (T, Q, Aw)|? dTdQ = f (T, At) dT

= f+00 Pn(Q, Aw) dQ (4.6)
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From the relations (4.4b) and (4.5b) we can also deduced
the relations

Lim py (T, A6) = [p(D? (4.7)
lim p,(0,80) = [$@)|° (4.8)

But the two limits are not to be performed simultaneously
because of the relation (2.6)

Theorem 3
We have the relations

+oo
f f |¥n (T, Q, Aw)|? dTdQ

=f P, (T, At) dT=f [Y(©)|?dt = E (4.9

_ fw 0, (Q, Aw) dQ = f+w|¢7(w)|2 do=E  (4.10)

Proof
To prove the relation (4.9), we utilize the relations (4.6)
and (4.4b)

+00 +oo
f f |‘Pn(T,Q,Aw)|2deQ=f p,.(T, At) dT

2

T
e i b N =
f f e vane) [y (6)|2dedT
(Gl -y
_ e \/_At t;t 2
-] f e s anjip (o) de

=f (012 dt =

The relations (4.10) may be obtained by analogy from the
relations (4.6) and (4.5b) instead of the relation (4.4b).

The analysis of the results in the theorems 2 and 3 leads to
the following remarks and interpretations:

-The function p,(T,At) may be interpreted as a
representation of the instantaneous power distribution of the
signal at the scale of resolution characterized by the time
standard deviation.

-The function p,(Q,Aw) may be interpreted as a
representation of the spectral energy distribution of the
signal at the scale of resolution characterized by the
frequency standard deviation.

-The function |¥,(T,Q,Aw)|?> may be interpreted as a
representation of the energy distribution of the signal in the
time-frequency plane at the scale of resolution characterized
by the time (or frequency) standard deviation.

Because of the existence of the parameter n , we may call

pn(T,At) a representation of the instantanecous power
distribution of the signal at order n, p,(Q,Aw) a
representation of the spectral energy distribution of the
signal at order n and |¥,(T,Q,Aw)|?> a representation
of the time frequency distribution of the energy of the signal
at order n.

5. Recovering of the Original Function
and another Expression for the
Energy

We can recover the function ¥ from the functions ¥,,.

Theorem 4
We have the relations

Y(t) = Z V2mW, (T, Q, Aw) @, (t, T, Q, At) (5.1)

E= f+w|¢(t)|2 dt = Z 2%, (T, 0, A0)2 (5.2)

Proof
Let us expand the function ¥ in the basis {¢;, }nen

W(t) = Z C, (T, 9, At) @ (¢, T, Q, AL)

C,(T,Q,At) are the components of 1 in the basis
{®n3}nen- According to the relation (2.2), the basis  {@, }nen
is an orthonormal basis, so we have

+00
Ca(T, 0, AL) = f 0i(6,T, 0 ADW(E) dt

=21 ¥, (T, Q, Aw)

The last equality follows from the relation (3.2).
The relation (5.2) can be deduced easily from the relation

(5.1) and the orthonormality of the basis {¢;, }nen-

Theorem 5
For the recovering of the function 1, we have also the
relation

Y(t) = \/_-f f Y, (T,Q Aw) ¢, (t, T, Q,At) dTdQ
Proof

f J- Y, (T, Q Aw) ¢, (t, T, Q,At) dTdQ =
Ner

+00 400
o f f f 03(, T, QA Y(E)pn(t, T, O, AD)dL'dTdS
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t—T)H (t —T)
\/_At "\ V24t
2nnl\2mAt

iw(t—tr)

[
e
dQdt'dT

t-T t'-T
Y (t’)e_[(m)zJ'(_zAt )2]

t—T t'—T

o et (D) m (S50

=f+ f' V2At V2At
o Joo 2nn!2mAt

6(t —tHdt'dT

2

b (aell

-5
VZar T
2'n!+/2mAt

= W¥(t)e

zf_m

=yY()

6. Conclusions

We may conclude that the introduction of harmonic
Gaussian functions gives a possibility to establish new
methods to tackle the problem of time -frequency analysis.
Our approach differs particularly with other ones in the fact
that we introduce simultaneously a set of functions which
allows to have a set of possible representations of the energy
distribution according to the values of the parameter n in
the expression of the harmonic Gaussian function ¢,,. And it
is possible to have more possible representations according
to the values of the frequency (or time) standard deviation.

As shown in the relations (4.9) and (4.10), our approach
allows also to have, with the set of the possible
representations of the energy distribution in time-frequency
plane, the sets of possible representations of the
instantaneous power distribution (functions p, ) and
possible representations of the spectral energy distribution
(functions py,).

Another interesting result is also the possibility of
recovering the original function Y which represents the
signal from the functions W, (section 5). This recovering
may be obtained by making a summation on the index n or
by making an integration on the time-frequency plane
P = {(T,Q)}. The first expansion needs the knowledge of
the expression of all the functions ¥,, for all n for a given
value of Aw. The second one needs the knowledge of the
expression of one function ¥, for a given values of n and
Aw.

The expression of the signal’s energy given in the relation
(5.2) which is a direct consequence of the relation (5.1) may
allows also to interpret 2m|¥,(T,Q, Aw)|? as the part of
the energy of the signal which corresponds to the harmonic
Gaussian function of degree n for a given values of T,Q
and Aw.

More depth studies on the physical meaning of the
obtained mathematical results may give more interesting and
useful insights for the theory of signal analysis and signal

t=T.p t'-T
¥ (t')e—[(m)zﬂw)z]

processing.

Appendix A
Useful properties of Hermite Polynomials [12]

For positive integers n, the Hermite polynomial H, (x)
can be defined by the relation

H,(x) = (-1)"e*’ —(e‘x) (A.1)

The following properties may be established.

Property 1
For any n €N and for any x € R, we have the
recurrence relation:

Hyy1(x) = 2xH, (x) — Hyp (x) (4.2)

Property 2
Let us expand the Hermite polynomials
n
H,(x) = Z al x*
k=0

Then we have the following relations:
al' = 2™ (coefficient of x™ in H,,(x))
ar_, =0 (coefﬁcient of x™1 in H,(x))

ak —Zak i—(+Dap;; forn—-1>k>0
-1
ap = aj
Property 3

Le G be the function, of two variables x and y, defined
by the relation G(x,y) = e**¥™¥ *. We have the relation

G(x,y) = ) Ha() 2 (4.3)

G(x,y) is the generating function of the Hermite
polynomials

Property 4
For all positive integers n and m , one has the relation of
orthogonalization

fHon(x)Hn(x) e dx = 2"nINTS (A.4)

If we make the variable change
t—T = d dt
= — X = ——oH
V24t V24t

we may deduce from the relation (A.4) the relation of
orthonormalization

(a0 (o)
Cw N2 mlmiZrAt

e 25 4t = Smn (A.5)
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Property 5
(el
V2At 5Ca) % gy —
f_th"n!\/_AteZA dt =T (A.6)
oo H (ﬂ) ’
_pel T\W2adl &y
f_m S 2"mINZRAL ot
= 2n+ 1)(A0)? = <n+ )(At)z (4.7)
Appendix B

Fourier Transform of a harmonic Gaussian function

Let us consider a harmonic Gaussian function ¢, as
defined in the section 2:

H (t - T)
n t-T\?
&e—(m) elft
2"n!2mAt

Our purpose is to prove that the expression of the Fourier
transform @, of the function ¢,, is

ot T,Q,AL) =

+oo
G0, T,Q,Aw) = — f o, (t, T, Q,At) e~tdt
TJ-xo

ny, (920 o-(6a)
_() H, <\/_A ) 24 1
2nn!V2mAw

in which Aw is related to At by the relation AtAw = %
Let us perform the calculation

1 teo .
5. (w,T,Q, Aw =—f t,T,Q,At) e ' @tdt
@n( ) T @n( )

t-T\? .
f (m) e—l(w—ﬂ.)tdt
" V2 amzuat \/_ At
We make the variable change
t—T
x = —— = dt = V2Atdx
V24t
Pn(w,T,0,Aw)
—LT(w Q)\/_

f H (x)e_T_“/—M(w DL

\/ 2nnl 21

Fora > 0, let I,,(a, b) be the integral

400
I,(a,b) = f H,(x)e-(@x*+bx)gy (B 2)

e~ IT@=9)/A¢
2"n!n\2¢

Let us determine the expression of the integral I,,(a, b).
We introduce in the calculation the generating function of

Hermite polynomials
_ "
=) H>
n

@n(w,T,Q,Aw) = In(%,\/fAt(w - Q)) (B.3)

G(x,y) = e

On one side

+00
2 i 2
e—ax +Qy-ib)x-y dx

+ o0
f G(x, y)e—(axzﬂ'bx) dx = f

—0o0
T @y-ib)?_ . fm b _iby d-a ~¢)2
= |—e 4a Yt = —e 4ae a
a a

2
:\/fe—i’—an[%(l 2] AZG1/2y)-[i A2 1/2y)2
a

T ZZG .1—a
a
/ e 72 2 ]

\f 3 —(—)1/2] "( )"/Zy
b _Z_Z v B.4
_Z[l m)e a]; ( . )
On the other side
f G(x,y)e” (ax?+ibx) dx
_z f H,, (x) e~(@x®+ibx) g ]— (B.5)

By comparing the relations (B.4) and (B.5), we may
identify

+oo
I,(a,b) =f H, (x) e~(ax®+ibx) gy

n
O E(20) e (56)
=" |- e 4a .
a\ a " 2y/a(l —a)
Then we have for a = % and pb =2At(w — Q)
1
I, (E,\/EAt(w — Q) )
= ({)"V21H,[VZAt (0 — Q)]e 2 @
Introducing the quantity Aw
AAt—1<:>At— & (At)? = ! B.7
0t =3 =200 © Y = qaee B
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we obtain

I, (%,\/EAt(w —0) ) = ()21 H, @E_AD o)

Introducing the relations (B.7) and (B.8) in the relation
(B.3) and rearranging, we obtain as expected the relation

n w—0 _%2
S e
2"l \2nAw

e—iT(@-9)

Gp(w,T,Q,A0) =
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