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Abstract: Let R be a commutative ring with identity and 7(r(r)) its total graph. The subject of this article is the
investigation of the properties of the corresponding line graph (7 (' (R))). In particular, we determine the girth and clique

number of L(T(T'(R))). In addition to that, we find the condition for L(7(F(R))) to be Eulerian.
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1. Introduction

Let R be a commutative ring with identity, Z(®) be the
set of its zero divisors and Z"(R) = Z(R)\ {0} . There are a
number of papers in which the graphs associated to rings
were introduced and their properties established. One of the
most common is the zero-divisor graph. This idea first
appears in [1], where for a ring R, the set of vertices is
taken to be R and two vertices X and Y are adjacent if
and only if xy =0 . This work was mostly concerned with
colorings of rings. Later, in the paper [2], the authors define
the zero-divisor graph T'(R) where the set of vertices is
taken to be Z"(R).

The zero-divisor graph of a commutative ring has also
been studied by several other authors. The zero-divisor
graph has also been introduced for semigroups and other
algebraic structures. There are a lot of interesting questions
on graph associated to a given ring. One of the most
interesting problems is the question of the embedding of
this graph into compact surfaces.

In the paper [3], Anderson and Badawi introduce the
total graph T(I'(R)) whose set of vertices is R. Two
vertices X and Y are adjacent if and only if
x+yUZ(R) . The question of the embedding of this graph
is discussed in [4]. In that paper all isomorphism classes of
finite commutative rings whose total graphs are planar or
toroidal are listed. The goal of this paper is to study some
properties of the corresponding line graph L(T' (I (R))).

Given a graph G, its line graph L(G) is a graph such that
every vertex of L(G) represents an edge of G, and two

vertices of L(G) are adjacent if and only if their
corresponding edges share a common endpoint in G . So,
the set of vertices of L(G) is exactly the set of edges of G,
and L(G) represents the adjacencies between edges of G.
Thus the properties of a graph G that depend only on
adjacency between edges may be translated into equivalent
properties in L(G) that depend on adjacency between
vertices. This is very useful for various problems in graph
theory. For example, a matching in G is a set of edges no
two of which are adjacent; to a matching in G there
corresponds an independent set in L(G), that is a set of
vertices in L(G) no two of which are adjacent. If G is
connected and if its line graph L(G) is known, one may,
according to [5], completely determine G except in the
case when L(G) is a triangle. In the paper [6], the authors
investigate embeddings of the line graph L(T'(R)) and
present all isomorphism classes of finite commutative rings
such that their line graphs are planar or toroidal.

Knowing the structure of the total graph L(T(R)), our
goal is to investigate the structure of its line graph and to
look into relations between them. In this paper we
determine some properties of this graph. The results related
to the embedding problem are given in the paper [7]. There
is the list of all isomorphism classes of finite commutative
rings for which the associated line graph of the total graph
is planar or toroidal. Also, it is shown that for every integer
g = 0 there are only finitely many finite commutative

rings such that y (L( T(I’(R))) =g.

For the algebraic part of this paper, notation and
terminology is standard and one may find it in [8], or in [9].
For the graph theoretical part, notation and terminology
may be find in, e.g., [10], or in [11]. In what follows, all
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rings R are commutative with identity, Z(R)is the set of
zero divisors of R,Z (R)=Z(R)\{0} and

Reg (R) =R\ Z(R).By a graph G we mean the simple
undirected graph (without loops and parallel edges) with

the set of vertices ¥ =V (G) and the set of edges £ =E(G).

The degree of the vertex vV, denoted deg(v) is the
number of vertices adjacent to the vertex vV and

&(G) = min{deg®)| vOV(G)}

is the minimal degree of the graph. A graph is regular of
the degree r if every vertex has the degree 7. The
vertices X and Y are adjacent if they are connected by
an edge. If for every two vertices X and JV there exists a
path connecting them, then we say that this graph is
connected. A graph G is complete if any two vertices are
adjacent. If the vertices of the graph G may be separated
into two disjoint sets of cardinalities 72 and 7, such that
vertices are adjacent if and only if they do not belong to the
same set, then the graph G is a complete bipartite graph.

For complete and complete bipartite graphs, we use the
notation K" and K™, respectively. In particular, K'
is a star graph. The maximal positive integer 7 such that
K" 0G for some graph G is the clique number of that
graph. For vertices % y0OG one defines the distance
d(x,y), as the length of the shortest path between X and
Y, if the vertices * yUGare connected and d(x,y) = if
they are not. Then, the diameter of the graph G is

diam(G) =sup{ d(x,) |x, yOG }.

The cycle is a closed path which begins and ends in the
same vertex. The cycle of 7 vertices is denoted by C..
The girth of the graph G, denoted by gr(G) is the
length of the shortest cyclein G and gi(G) = if G

has no cycles.

2. On the structure and properties of
L(TT(R))

Let R be commutative ring with identity and 7(I'(R))
is total graph. For simplicity of notation we use TT(R) for
the total graph and L(TT(R)) for its line graph. If for
elements X,YUR onehas x+yOZ(R), then we have a
vertex in the graph L(TT'(R)) and we denote that vertex by

[x,y]. From the definition of the graph TT (R), it follows
that the degree of every vertex of this graph depends on
number of zero divisors, as well as on whether 2 is zero
divisor in R or not.
Proposition 2.1

Let X be a vertex of the graph TT (R). Then

z(R)| -1, 20Zz(R) or x0Z(R)

‘Z (R) s otherwise.

deg(x) = {

Proof.

Obviously, if z; UZ(R), the vertex xR is adjacent to
vertices z; —X. Then deg(x)=|Z(R)| -1 if and only if
x=z;—x forsome z; UZ(R),i.., if and only if
2xUZ(R). If 2x & Z(R), then deg(x)=|Z(R)|.

If 20Z(R), then 2x0Z(R) forall xR, hence
deg(x) =|Z(R)| -1 i.e., all vertices of graph TI(R) are of
degree |[Z(R)|-1.

If 20Z(R), then two cases are possible.

Case 1. If xUOZ(R), then deg(x)=|Z(R)|-1.

Case 2. If xOZ(R), then deg(x) = Z(R) | .

It follows that

_llz@®|-1, 202(R) or xOZ(R)
deg(x) {\ Z(R)|, otherwise.
Theorem 2.2
3, |Z(R)|23 and R#ZyxZ
gr(L(TF(R)) =14, ROZy %75
o, |Z(R)|<2

Proof.

Case 1. |Z(R)|=1:1If R has no proper zero divisors, two

cases are possible.

1. If Char(R)=2 then L(TT(R)) is empty since
T (R) is totally disconnected.

2. If Char(R)#2, then TF(R)is the disjoint union of
|R| / 2 graphs k2 and an isolated vertex 0. In that
case, L(TT(R)) is totally disconnected graph with
|R| / 2 vertices. Therefore, gr(L(TI(R))=oo,

Case 2. |Z(R)|=2:

It is known (see [2]) that there are only two

non-isomorphic commutative rings containing only one

proper zero divisor: Z, and Z»[x]/(x*). They have
isomorphic total graphs - the disjoint union of two complete
graphs K2, It follows that L(TT(R)) is the union of two
isolated vertices, therefore gr(L(TT'(R)) =00

Case 3. |Z(R)|=3:

3.1.If Z(R) isanideal and if X, are different
elements

from Z'(R), then TT(R) contains the triangle
0-x-y-0;s0, L(TT(R)) contains the triangle

[0, x] =[x, ] = [¥,0] - [0, x].

Therefore, gr(L(TT'(R)) =3

3.2.If Z(R) is not an ideal, there exist x, y0Z"(R)such
that x+yUOReg(R). If one also has| Z(R)| >3, i.e., if there
exists zOZz"(R)different from X and Y ,thenin TI(R)
there exists a star subgraph g3 ( the vertex 0 is then
adjacent to the vertices X, ¥ and z). Since L(K'?)=C3,
then
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(0, x] = [0, y] = [0, z] - [0, x]

is a triangle in L(TT(R)) and er(L(TT(R)) =3,

It remains to discuss the case [Z(R)[=3.

According to [2] there are three non-isomorphic
commutative rings with three zero divisors: Zo, Zs[x]/(x?)
and Z, xZ,. In the first two cases Z(R) is an ideal, while
Tl (Z2xZ2) =C4 Since, L(C4) =Cswe have that
er(L(TI(Z2 x Z2))) = 4.

In what follows we will denote by CI(G) the clique
number of the graph G.

Theorem 2.3
Let R be a finite commutative ring. Then

| Z(R)| -1,

CI(L(TT (R))) = {| 2Rl 20Z(R)

oherwise.

Proof.
Case 1. Let 20Z(R).

According to Proposition 2.1, deg(x) =[Z(R)|-1 for all
vertices of the total graph. For some vertex @ and the edge
ay we have an vertex [a, ¥] in the line graph. There are
[Z(R)|~1such vertices in L(TT(R)) . These vertices form
subgraph g where 7 =|Z(R)|-1. For any set of [>r
edgesin TI'(R), corresponding vertices in the line graph
are not adjacent. Therefore, CI(L(TT(R))) =|Z(R)|-1.

Case 2. Suppose that 20Z(R) .

According to 2.1, deg(x)=|Z(R)| for some vertex of the
total graph. . For some vertex @ and the edge ¥ we have
an vertex [a, ¥] in the line graph. There are [Z(®)[such
vertices in L(TI'(R)) . These vertices form the subgraph g7
where 7=|Z(R)|. For any set of />r edgesin TT(R),

corresponding vertices in the line graph are not adjacent. So,
CIL(TE(R)) =| Z(R)|.

Remark. It is known (see [3]) that TF'(R) is disjoint union
of the complete graphs g (r=IZ(R)|), in the case when
Z(R) isanideal and 20Z(R), i.e., disjoint union of g7
complete bipartite graphs in the case when Z(R) is an ideal
and 20Z(R). Hence, in the case when Z(R) is an ideal

we deal with line graphs of the complete and complete
bipartite graphs.

For illustration we give an example of a planar graph and
its corresponding line graph which is also planar.

Example 1.

0 1

Figure 1. Graph T .

[0.3]

Figure 2. Graph L),

The following is an example of the total graph and
subgraph of corresponding line graph which is not planar.

Example 2.

Let F, = Z,[x]/(x? + x + 1). Then we get that
Z(R) = {vy,v;,v3,v4,vs5} and Reg(R) = {vg, v7, g, },
where v; = (0,0), v2=0,x), v3=0,x+1), v4=1{0,1),
vs =(1,0), ve =(Lx), vz =(Lx+1) and vs =(L1). The
graph TI'(R) (Figure 3) is regular graph of degree 4 with 8
vertices and 16 edges. Therefore L(TI(R)) is regular

graph of degree 6 with 16 vertices and 48 edges ( it is clear
that the line graph of regular graph of degree r with n

vertices is also regular of degree 2r — 2 with nr/2
vertices and nr(r —1)/2 edges). For simplicity let us
denote the vertex [Vi,V j] of the graph L(TT'(R)) by wi,;.
The line graph L(TT'(Z 2 X F4)) is not planar because it
contains the subgraph I'( Figure 4) which is a subdivision
of 5.

Ve Us

Figure 3. TH(Z2xFa)

w3

wa, 7

W 4 Ws. 7

wi,.4 wis

w3 2
Figure 4. I DL(TE(Z 2 F4)).

Remark. Graphs of genus 0 are planar graphs and graphs
of genus 1 are toroidal graphs. Euler's Theorem states that if
G is a finite connected graph with 7 vertices, € edges,
and of genus &, then

n—e+f=2-2g,
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where f is a number of faces obtained when G'is
embedded in compact orientable surface which is obtained
from sphere by adding & handles. One may think that graph
is planar if it can be drawn on the sphere with no edge
crossing.

The well-known Kuratowski Theorem states that a graph
G is planar if and only if it does not contain a subdivision of
K5 or k33,

Let R be a finite commutative ring with identity. If
R=2Z,,then TI(R) isempty graph. If R=F;, where
q=3 then TI(R) is totally disconnected graph with
(g =1)/2 vertices. In that case, deg([u,v]) =0 for every
vertex [, v] in L(IT(R); therefore S(L(TT(R))) =0 .1In
order to exclude trivial cases from discussion, in what
follows we assume that R is not a field, i.e. |Z(®)[=2,

It is not difficult to see that the following proposition
holds.

Proposition 2.4

Let R be a commutative ring such that TI'(R) is

connected of finite diameter d . Then the corresponding

line graph L(TT'(R)) is connected and

d-1<dp <d+1

where d;is diameter of L(TI'(R)).

Theorem 2.5
Let R be finite commutative ring which is not a field,

such that Char(R) # 2. Then L(TI(R)) is regular if and
only if 20Z(R). The degree of regularity is then
2| Z(R)| -4 . In particular, if |V | and | E| denotes the

number of vertices and edges of the line graph, then we have
that

vy = RIOZEI -1
2 = RIGZ®I = DZ®) =2
. .

Proof.
Case 1. Suppose first that 20 Z(R).

Then, according to Proposition 2.1, TI'(R) is regular
graph of degree | Z(R)[~=1 with |R[(|Z(R)[-1)/2
edges. Let [#, V] be an arbitrary vertex of the line graph.
Then,

deg([w, v]) = deg(u) + deg(v) — 2 = 2|Z(R)| - 4,

and the claim follows.

Case 2. Suppose that 20Z(R).

Since R is not field, there exists x JZ(R)\{0} . Also,
holds 1# -1. So,

deg([0,x]) = 2|Z(R)| — 4 # deg([1,—1])
= 2|Z(R)| - 2.

Therefore L(TT'(R)) is not regular.

In graph theory, the Eulerian path is a trail in a graph
which visits every edge exactly once. Similarly, an Eulerian
cycle of the graph G is an Eulerian path which starts and
ends on the same vertex. The graph which has an Euler cycle
is an Eulerian graph. It is known that the connected
undirected graph with at least one edge is Eulerian if and
only if all of its vertices have even numbers for degrees.

Thus, we can concentrate on the case when R is a finite
ring which is not local. Namely, if R is infinite, it does not
make any sense to seek Eulerian cycle and if R is finite and
local, then Z(R) =M is anideal and TI(R) is not
connected. In what follows we will use the fact that any
finite commutative ring with identity is isomorphic to a
finite direct product of local rings (see [9]). Actually, any
Artinian ring is isomorphic to a finite direct product of
Artinian local rings. Finite rings forms a special class of
Artinian rings. So, we may assume that

R=R;XRy;X---XR,,

where R; are finite local rings and n=2. It is known
that all commutative rings of this form have connected total
graph of diameter 2 (see [3]).
Theorem 2.6

Let R be a finite commutative ring which is not local.
Then T (R) is Eulerian if and only if 2L Z(R).

Proof.
Let us assume that R is a finite commutative ring and
that 20Z(R). Then, according to the Proposition 2.1,

every vertex of TI(R) has degree | Z(R)|-1lie., T (R)
is regular of degree | Z(R)|-1.
Let [x, y]1be a vertex of L(TI'(R)). Then

deg([x,y]) = deg(x) +deg(y) —2 = 2|Z(R)| — 4

is an even number, consequently L(TT'(R)) is Eulerian.

Assume now that 20Z(R). Under these conditions, Z(R)
is not an ideal, therefore there exist x, y 0Z(R) such that
x+yUZ(R).

Then the vertices —x0Z(R) and x+yUOReg(R) are
adjacent in TI'(R) . By Proposition 2.1,
deg(=x) = Z(R)| -1 and deg(x+y)=[Z(R)|. Letus
concentrate on the vertex [=x,x+y] in L(TF(R)). We
have that

deg([—x,x + y]) = deg(—x) + deg(x +y) — 2
=2|Z(R)| - 3.

Thus L(TT'(R)) contains a vertex of odd degree,
therefore this graph is not Eulerian.
3 Conclusions

In this paper we found some properties of the line graph
associated to the total graph of commutative ring. In
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particular, we determine the girth and clique number of
L(T(T'(R))). In addition to that, we find the condition for

L(T'(T'(R))) to be Eulerian. For further research, it would
be interesting to find similar properties for the line graphs
associated to the other graphs attached to the commutative
rings. For example, one can consider the line graphs of the
intersection graphs of ideals of commutative rings.
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