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Abstract: In this paper, we establish the strong convergence theorem of Noor iterative scheme for the class of Zamfirescu 

operators in arbitrary Banach spaces. Our results is extension and generalization of the recent results of  B. L. Xu,          

M. A. Noor, Y. J. Cho, H. Zhou, G. Guo, S. Plubtieng, R. Wangkeeree, V. Berinde, P. Kumam, W. Kumethong,              

N. Jewwaiworn and many other authors in literature.  
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1. Introduction 

In the last four decades, numerous papers were published 

on the iterative schemes of fixed points of self and non-self 

contractive type operators in metric spaces, Hilbert spaces or 

several classes of Banach spaces, (see for example the 

reference papers therein). While for strict contractive type 

operators, the Picard iteration can be used to approximate 

the (unique) fixed point, (see for example [4, 7-9]), for 

operators satisfying slightly weaker contractive type 

conditions, instead of Picard iteration, which does not 

generally converge, it was necessary to consider other fixed 

point iteration procedures. The Krasnoselskij iterative 

scheme [10-13], the Mann iterative scheme [14-16], the 

Ishikawa iteration scheme [17] and the Noor iterative 

scheme [18-19], are certainly the most studied of these fixed 

point iterative schemes, (see for example [6-8, 20]). 

Fixed-point iterations process for asymptotically      

non-expansive mapping in Banach spaces including Mann, 

Ishikawa and Noor iterative schemes have been studied 

extensively by many authors to solve the nonlinear operator 

equations as well as variational inequations, (see for 

example [9, 11, 14, 17-25]). In 2000, M. A. Noor [18] 

introduced a three-step iterative scheme and studied the 

approximate solution of variational inclusion in Hilbert 

spaces by using the techniques of updating the solution and 

the auxiliary principle. In 1989, R. Glowinski and Le Tallec 

[26] used three-step iterative scheme to find the approximate 

solutions of the elastoviscoplasticity problem, liquid crystal 

theory, and eigenvalue computation. It has been shown in 

[26] that the three-step iterative scheme gives better 

numerical results than the two-step and one-step iterative 

schemes. In 1998, S. Haubruge, V. H. Nguyen and J. J. 

Strodiot [27] studied the convergence analysis of three-step 

iteration scheme of Glowinski and Le Tallec [26] and 

applied this scheme to obtain new splitting-type algorithms 

for solving variation inequalities, separable convex 

programming and minimization of a sum of convex 

functions. They also proved that three-step iterative scheme 

lead to highly paralleled algorithms under certain conditions. 

Thus we conclude that three-step iterative scheme plays an 

important and significant part in solving various numerical 

problems, which arise in pure and applied sciences. 

Recently, S. Plubtieng and R. Wangkeeree [3] studied on 

the Strong convergence theorem for multi-step Noor 

iterations with errors in Banach spaces. In 2002, B. L. Xu 

and M. A. Noor [1] introduced and studied a three-step 

iterative scheme to approximate fixed points of 

asymptotically nonexpansive mappings in Banach spaces. In 

2004, Y.J. Cho, H. Zhou, and G. Guo [2] extended the work 

of Xu and Noor to the three-step iterative scheme with errors 

and gave weak and strong convergence theorems for 

asymptotically nonexpansive mappings in Banach spaces. 

Moreover, In 2007 J.U. Jeong [22] and in 2008 P. Kumam, 

W. Kumethong and N. Jewwaiworn [6] gave weak and 

strong convergence theorems for three-step iterative scheme 

of asymptotically nonexpansive mappings in Banach spaces. 

In 2004 and 2007, V. Berinde [28-29] studied the 

convergence theorems of Mann and Ishikawa iterative 
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schemes for Zamfirescu operators in arbitrary Banach 

spaces. Inspired and motivated by these facts, we extend and 

generalized the convergence theorem of three-step Noor 

iterative scheme for more general Zamfirescu operators in 

arbitrary Banach spaces. 

The main purpose of our paper is to establish the strong 

convergence theorem for three-step Noor iterative scheme 

for more general operators Zamfirescu operators in arbitrary 

Banach spaces. The results presented in this paper is 

extension and generalization of the corresponding results of 

B. L. Xu and M. A. Noor [1], Y. J. Cho, H. Zhou, and G. Guo 

[2], S. Plubtieng and R. Wangkeeree [3], V. Berinde [4-5] 

and many other authors in literature 

2. Preliminaries 

In this section, we recall some well-known concepts and 

results. 

In 1972, T. Zamfirescu [30] obtained a very interesting 

fixed point theorem which is stated as follows: 

Theorem 2.1.  

(Theorem Z of [30]).  Let X  be a Banach space and 

XXT →:  be a map for which there exist the real 

number cba and, satisfying 21,0,10 <<<< cba  

such that for each pair yx, in X  at least one of the 

following is true: 

;)( 1 yxaTyTxz −≤−  

;][)( 2 TyyTxxbTyTxz −+−≤−  

].[)( 3 TxyTyxcTyTxz −+−≤−  

Then T  have a unique fixed point p  and the Picard 

iterative scheme { }∞
=0nnx  defined by 

...,2,1,0,1 ==+ nTxx nn converge to p  for any 

.0 Xx ∈  

Definition 2.1. 

Let X be a Banach space. Then the operator 

XXT →:  is called Zamfirescu operator if it satisfies 

one of the conditions )(and)(),( 321 zzz . The set of fixed 

points of the operator T  is denoted by 

})(:{)( ppTXpTF =∈= . 

The definition 2.1 is used as an important tool to establish 

our main results. 

Definition 2.2.  

Let X  be a Banach space,  B   be a nonempty, convex 

subset of X   and BBT →:  be an operator satisfying 

one of the conditions )(and)(),( 321 zzz  i.e., T   be a 

Zamfirescu operator. Let Bxpu ∈000 and,  be three 

arbitrary points. 

The Mann iterative  scheme, see [14]{ }∞
=0nnu is defined 

by  

...,2,1,0,)1(1 =+−=+ nTuauau nnnnn  (1)  

where, the sequence { } ]1,0[
0

⊂∞
=nna is convergent, such 

that ∞== ∑
∞

=→∞
1

and0lim
n

nn
n

aa               (1.a) 

The Ishikawa iterative scheme, see [17] { }∞
=0nnp is   

defined by 





=+−=
+−=+

...,2,1,0,)1(

)1(1

nTpbpbq

Tqapap

nnnnn

nnnnn
    (2) 

where, the sequences { } { } ]1,0[and
00

⊂∞
=

∞
= nnnn ba  are 

convergent, such that 

∞=== ∑
∞

=→∞→∞
1

and0lim,0lim
n

nn
n

n
n

aba     (2.a) 

The Noor iterative scheme, see [18] { }∞
=0nnx  is defined 

by  









=+−=
+−=

+−=+

...,2,1,0,)1(

)1(

)1(1

nTxcxcz

Tzbxby

Tyaxax

nnnnn

nnnnn

nnnnn

    (3)  

where, the sequences { } { }∞
=

∞
= 00

,
nnnn ba and  

{ } ]1,0[
0

⊂∞
=nnc  are convergent, such that 

1

lim 0, lim 0, lim 0 andn n n n
n n n n

a b c a
∞

→∞ →∞ →∞ =
= = = = ∞∑      (3.a) 

Remark 2.1.  

It is clear from the definition 2.2, if we put 0=nc  then 

the iterative scheme (3) is converted to the iteration scheme 

(2) and if we put 0== nn bc  and λ=na (constant) 

then the iterative scheme (3) is converted to the iteration 

scheme (1). Again, if we put 0== nn bc  and 

δ=na (constant) then the iteration scheme (3) is converted 

to the Krasnoselskii iteration scheme [10], while for 

1=na  we obtain the Picard iteration scheme or method of 

successive approximations [4], as it is commonly known. 

Definition 2.3.  

Let )(},)(:{)( TFpppTXpTF ∈=∈= and 
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nnnnnn Tuauau −−−= + )1(1η                (4.a) 

nnnnnn Tpapap −−−= + )1(1µ          (4.b) 

nnnnnn Txaxax −−−= + )1(1ξ            (4.c) 

If ,0lim0lim,0lim ===
→∞→∞→∞ n

n
n

n
n

n
and ξµη  then 

the iterative schemes (1), (2) and (3) respectively are   said 

to be T-stable. 

Remark 2.2.  

Let X  be a Banach space, B  be a nonempty, convex 

subset of X and BBT →:  be a Zamfirescu operator. If 

the Noor (respectively Ishikawa and Mann) iterative scheme 

converges, then 0lim =
∞→ n

n
ξ (respectively 0lim =

∞→ n
n

η  

and 0lim =
∞→ n

n
µ ). 

Proof of Remark 2.2.  

Let
*lim xxn

n
=

∞→
. Then from (4.c) we have 

nn

nnnn

nnnnn

nnnnn

nnnnnn

Txxa

xxaxxxx

Txxaxx

Txxaxx

Txaxax

−+

−+−+−≤

−+−≤

−+−=

−−−=≤

+

+

+

+

*

***

1

1

1

1

)(

)1(0 ξ
 

0→ as ∞→n . i.e., 0lim =
→∞ n

n
ξ . 

Definition 2.4.  

Let C  be a subset of a real normed linear spaces Y . 

Then the mapping CCS →:  is said to be asymptotically 

non-expansive on C  if ∃  a sequence { }∞
=0nnr with 

0lim =
∞→ n

n
r  such that for each 

.1,)1(,, ≥∀−+≤−∈ nyxrySxSCyx n

nn
 

If ,0=nr then S  is known as a non-expansive mapping. 

S is called asymptotically non-expansive in the 

intermediate sense [28] provided S  is uniformly 

continuous and 

.0)(supsuplim ≤−−−
∈∈→∞

yxySxS nn

CyCxn
 

S  is said to be asymptotically quasi-non-expansive  

mapping, if ∃  a { }∞
=0nnr with 0lim =

∞→ n
n

r  such that 

),(, SFpCx ∈∈∀ ,)1( pxrpxS n

n −+≤−  

,1≥∀ n where )(SF  denotes the set of fixed points of 

S , i.e., }.:{)( xxSCxSF =∈= S is said to be  

uniformly L -Lipschitzian if  ∃  a constant 0>L such 

that .,1, CyxandnyxLySxS nn ∈≥∀−≤−  

In [28] and [29] V. Berinde proved the following 

convergence theorems in Banach spaces, for Mann and 

Ishikawa iterations associated to Zamfirescu operator. 

Theorem 2.2.  

(Theorem 2.1 of [28]). Let X be an arbitrary Banach 

space, B  be a nonempty closed convex subset of X  and  

BBT →:   be an operator satisfying condition Z. Let 

{ }∞
=0nnu  be the Mann iteration defined by (1) and (1.a). 

Then { }∞
=0nnu converges strongly to the fixed point of T . 

Theorem 2.3. 

(Theorem 2 of [29]). Let X  be an arbitrary Banach 

space, B  be a nonempty closed convex subset of X  and  

BBT →:  be an operator satisfying condition Z. Let 

{ }∞
=0nnp  be the Ishikawa iteration defined by (2) and (2.a). 

Then { }∞
=0nnp converges strongly to the fixed point of T . 

Actually, the main purpose of our paper is to extend the 

Theorem 2.3 from Ishikawa iterative scheme defined by (2) 

and (2.a) to Noor iterative scheme defined by (3) and (3.a) 

for Zamfirescu operators and finally, we have established a 

T - stablity theorem for Noor iterative scheme   defined by 

(3) and (3.a). 

3. Main Results and Discussion 

In this section, we state and prove our main results. 

Theorem 3.1.  

Let X  be an arbitrary Banach space, B be a nonempty 

closed convex subset of X and BBT →: be an operator 

satisfying the condition Z i.e., BBT →:  be a 

Zamfirescu operator. Let )(TFp ∈ be a fixed point of T , 

where )(TF  denotes the set of fixed points of T . Let 

{ }∞
=0nnx  be the Noor iteration defined by (3) and (3.a) and 

Bx ∈0 , where { } { } { }nnn cba and,  are sequences of 

positive numbers in [ ]1,0  with { }na  satisfying (3.a). 

Then The Noor iterative scheme strongly converges to the 

fixed point )(TFp ∈ . 

Proof. By Lemma 2.1, we know that T  has a unique 

fixed point in B , say p . Consider Byx ∈, . Since T  is a 

Zamfirescu operator, therefore, at least one of the 
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conditions )( 1z , )( 2z  and )( 3z  is satisfied by T . 

If )( 2z  holds, then 

TxxbyxbTyTxb

TyTxTxxxyTxxb

TyyTxxbTyTx

−+−≤−−⇒

−+−+−+−≤

−+−≤−

2)1(

]][[

][

Txx
b

b
yx

b

b
TyTx −

−
+−

−
≤−⇒

)1(
2

)1(
 (5) 

If  )( 3z  holds, then similarly we obtain 

Txx
c

c
yx

c

c
TyTx −

−
+−

−
≤−

)1(
2

)1(
   (6) 

Let us denote 









−−
=

)1(
,

)1(
,max

c

c

b

b
aλ  (7) 

Then we have, 10 <≤ λ  and in view of )( 1z , (5) and 

(6) we get the following inequality 

TxxyxTyTx −+−≤− λλ 2                  (8) 

holds Byx ∈∀ , . 

Now let { }∞
=0nnx be the Noor iteration defined by (3) and 

(3.a) and Bx ∈0  arbitrary. Then 

1 (1 ) (1 )

(1 )( ) ( )

(1 )

n n n n n n n

n n n n

n n n n

x p a x a Ty a a p

a x p a Ty p

a x p a Ty p

+ − = − + − − +

= − − + −

≤ − − + −
     (9) 

With px =  and nyy =  from (8) we obtain 

,pypTy nn −≤− λ          (10) 

where, λ  is given by (7). 

Further we have 

pTzbpxb

pbbTzbxbpy

nnnn

nnnnnnn

−+−−≤

+−−+−=−

)1(

)1()1(
 (11) 

Again by (8), this time with px =  and nzy =  we find 

that pzpTz nn −≤− λ        (12) 

Combining (10), (11) and (12) we obtain, 

])1[( pzbpxbpTy nnnnn −+−−≤− λλ  (13) 

Now,

 

(1 ) (1 )

(1 )

n n n n n n n

n n n n

z p c x c Tx c c p

c x p c Tx p

− = − + − − +

≤ − − + −
(14) 

From (13) and (14) we get, 

]]

)1[()1[(

pTxc

pxcbpxb

pTy

nn

nnnnn

n

−+

−−+−−≤

−

λλ       (15) 

Again by (8), this time with px =  and nxy = we 

find that pxpTx nn −≤− λ       (16) 

Now, combining (9), (15) and (16) we obtain, 

pxacbb

pxcpxcb

pxbapxa

px

nnnnn

nnnnn

nnnnn

n

−++−−=

−+−−+

−−+−−≤

−+

])1)(1(1[

]]])1[(

)1[([)1(

2

1

λλλ

λλ
λ

   (17) 

Since,

])1(1[])1)(1(1[ 2

nnnnn aacbb λλλλ −−≤++−− .      

So, from (17) we get, 

...,2,1,0,])1(1[1 =−−−≤−+ npxapx nnn λ (18) 

By (1) we inductively obtain 

...,2,1,0,])1(1[ 0

0

1

=−−−≤

−

∏
∞

=

+

npxa

px

n

k

n

λ
    (19) 

Using the fact that ]1,0[,,,10 ∈<≤ nnn cbaλ  

and ∞=∑
∞

=0n

na , we obtain that, 

0])1(1[lim
0

=−−∏
∞

=
∞→

n

k
n

aλ             (20) 

Now, from (19) and (20), we obtain 

0lim 1 =−+∞→
pxn

n
 

i.e., { }∞
=0nnx  converges strongly to the fixed point p .  

This completes our proof.  

 

Now, we state and prove the stability theorem for Noor 

iterative scheme. 
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Theorem 3.2.  

Let X  be an arbitrary Banach space, B be a nonempty 

closed convex subset of X and BBT →: be an operator 

satisfying the condition Z i.e., BBT →:  be a 

Zamfirescu operator. Let )(TFp ∈ be a fixed point of T , 

where )(TF  denotes the set of fixed points of T . Let 

∞
=0}{ nnx be the Noor iterative scheme defined by (3) and (3.a) 

and Bx ∈0 , where { } { } { }nnn cba and,  are  sequences of 

positive numbers in [ ]1,0  with { }na  satisfying (3.a). 

Then the Noor iterative scheme is T-stable. 

Proof. From the definition 2.3, we can say that the Noor 

iterative scheme defined by (3) and (3.a) will be T-stable if 

,0lim =
∞→ n

n
ξ  where 

.)1(1 nnnnnn Txaxax −−−= +ξ  

Now, from the remark 2.2, we observe that if the Noor 

iterative scheme defined by (3) and (3.a) is convergent to a 

fixed point of T  then .0lim =
∞→ n

n
ξ  But in our theorem 

3.1, we have already proved that the Noor iterative scheme 

defined by (3) and (3.a) is strongly convergent to a fixed 

point of T . 

So, by combining our theorem 3.1 and remark 2.2, we 

obtain 0lim =
∞→ n

n
ξ and this proves that the Noor iterative 

scheme is T- stable. This completes our theorem. 

-1 -0.5 0.5 1

-1

-0.5

0.5

1

x

y

 

Figure 1: This diagram indicates the graphical representation of the fixed 

point of the map BBT →: defined by )cos(xTx = . Here 

Bpx ∈== 739.  is a fixed point of T . 

Example 3.1.  

Let RX =  (set of all real numbers), ]1,0[=B  and 

BBT →:  be a Zamfirescu operator defined by 

)cos(xTx = . Then it is clear from figure-1 that 

Bpx ∈== 739.  is a fixed point of T . Now, let us 

choose the sequences { } { } { }∞
=

∞
=

∞
= 000

&,
nnnnnn cba  such 

that
3

1
&

2

1
,

1

1

+
=

+
=

+
=

n
c

n
b

n
a nnn

 respectively and 

Bx ∈= 2.00 (arbitrary). Then, all conditions of our 

theorem 3.1 are satisfied. A few step of Noor iterative 

scheme calculated by MATLAB-7 program are given below: 

Table 1: This table shows the different iterative steps and their 

corresponding approximated value obtained by Noor iterative scheme, 

where the initial approximation is Bx ∈= 2.00
(arbitrary). Here we 

shows that after 224th step the Noor iterative scheme converge to the fixed 

point Bpx ∈== 739. . 

Iterative 

Number 

( n ) 

Approximated 

value 

obtained by 

Noor iterative 

scheme 

Iteration 

Number 

( n ) 

Approximated 

value 

obtained by Noor 

iterative scheme 

1=n  0.552163335 9=n  0.724558719 

2=n  0.639644297 10=n  0.726646147 

3=n  0.675862087 ………… ................. 

4=n  0.694724978 100=n  0.738767719 

5=n  0.705939597 …………. ………… 

6=n  0.713211744 150=n  0.738922907 

7=n  0.718226827 ………… ………… 

8=n  0.721848318 224=n  0.739 

Under the same condition, if we choice, Bx ∈= 9.00  

then, we obtain the following results: 

Table 2: This table shows the different iterative steps and their 

corresponding approximated value obtained by Noor iterative scheme, 

where the initial approximation is Bx ∈= 9.00
(arbitrary). Here we shows 

that after 282th step the Noor iterative scheme converge to the fixed 

point Bpx ∈== 739. . 

Iterative 

Number 

( n ) 

Approximated 

value 

obtained by 

Noor iterative 

scheme 

Iteration 

Number 

( n ) 

Approximated 

value 

obtained by Noor 

iterative scheme 

1=n  0.789330057 9=n  0.742836872 

2=n  0.765275279 10=n  0.742296103 

3=n  0.755600177 ..……… ………… 

4=n  0.750622983 100=n  0.739165483 

5=n  0.747683732 ………. ……….. 

6=n  0.745785723 150=n  0.739126877 

7=n  0.744480482 …..…… ………… 

8=n  0.743539830 282=n  0.739 

4. Conclusion 

Our Theorem 3.1 is an extension of the result of V. 

Berinde [28-29], because here we have replaced Mann and 

Ishikawa iterative schemes by Noor iterative scheme and 

Noor iterative scheme is more general iterative scheme 

comparing with Mann, Ishikawa, Picard and Krasnoselskij 
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iterative schemes. Our results is extension and 

generalization of the results of B.L. Xu, and M.A. Noor [1], 

Y.J. Cho, H. Zhou, and G. Guo [2], S. Plubtieng and R. 

Wangkeeree [3], P. Kumam, W. Kumethong and N. 

Jewwaiworn [6], because here we have used the more 

general operator Zamfirescu operator in place of 

asymptotically nonexpansive operator, asymptotically 

quasi-nonexpansive operator and uniformly L - Lipschitzian 

operator. 
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